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The Electrical Engineer is now confronted with a variety 
of new problems for whose solution he must look to the full 
development of the science of Electro-Dynamics. This 
science in the near future will assume the same relation to 
the electric motor that the science of Thermo-Dynamics 
already bears to the steam engine. And since no branch of 
dynamics has a better claim to be called an exact science 
than electro-dynamics, it will be able to offer not only 
convincing but final solutions of these problems. To apply 
the principles of electro-dynamics to the Direct-Current 
Motor is the aim of this book. 

Writing for electrical engineers particularly, I take 
for granted a certain acquaintance with the use and design 
of motors, but as the book is intended to be of service to 
engineers generally, unexplained technicalities have been 
avoided as far as possible. 

There are now so many excellent text-books on 
electricity and magnetism, that I offer no apology for 
omitting discussion of elementary principles here. 

J have not considered it necessary to deal with the 
subject of self-induction, except in connectioiv with. tJva 
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question of sparking. The advanced student will per- 
ceive the analogy between the law of acceleration given in 
Chapter VII. and that for the rise of current in an induc- 
tive circuit, and ma^ be tempted to pursue the subject for 
himself. 

The numerical accuracy attempted has been limited 
to that attainable with an ordinary ten-inch slide rule, 
on which all the examples have been worked out. Impor- 
tance is attached to the graphic method of solution, and 
the diagrams are intended to serve as exercises for the 
student, who should work out similar problems with 
diflFerent data by the same methods. 

I have to thank many friends for assistance, particularly 
Mr. H. S. Hering, for allowing me to use the results of his 
tests on electric cars ; Mr. L. H. Parker, for providing me 
with particulars of the construction and performance of the 
electric locomotives on the Baltimore and Ohio Railroad ; 
Mr. H. P. Curtiss, for placing at my disposal the out- 
come of his experiments on the BuflFalo and Niagara Falls 
Electric Railway ; and the Railway Department of the 
General Electric Company, for furnishing me with valuable 
information and data. 

C. A. CARUS- WILSON. 

McGiLL University, Montreal : 
February 1898. 
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I conductor carrying a current is placed 

tetic lield In a plane at right angles to 

, it experiences a force urging it to 

b at right angles to its own length. 

tensity of the field in lines per square 

Higth of the conductor in centimetres, 

Lin the conductor measured in amperes, 

^uotor is given by 



\y=milO-^ dynes 



..(1). 



Foan be changed by reversing the sign of 
•Jieuce the direction of the force can be 
*^-ig the sign of the field or of the current. 

1 at the same time, the direction of the 

I. 



THE 



DIBECT-CUBEENT MOTOR 



-•<>•- 



CHAPTEE I 

THE INDUCTION FACTOR 

When a straight conductor carrying a current is placed 
in a uniform magnetic field in a plane at right angles to 
the magnetic lines, it experiences a force urging it to 
move in that plane at right angles to its own length. 

If H is the intensity of the field in lines per square 
centimetre, I the length of the conductor in centimetres, 
and i the current in the conductor measured in amperes, 
the force on the conductor is given by 

f=HlilO-' dynes (1). 

The sign of/ can be changed by reversing the sign of 
either H or i ; hence the direction of the force can be 
reversed by altering the sign of the field or of the current. 
If both are altered at the same time, the direction of the 
force is unchanged. 
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Pig. 1 is a section of the armature and pole pieces of 
a dynamo at right angles to the shaft. A and B are two 
surface conductors, one on each side of the plane through 
the centre containing the brushes. The currents in these 
conductors are in opposite directions, but the lines of force 
due to the magnets are in the same direction. Hence 
the forces acting on the conductors constitute a couple. If 




Fig. 1 



any number of conductors are arranged evenly round the 
armature, the action of the field on the current in the con- 
ductors on one side of the brush plane, combined with that 
on the other side, results in a couple tending to turn the 
armature about its axis. 

Let there be A surface conductors, and let their axes 
lie on a cylindrical surface of radius r and length I centi- 
metres, as shown in Fig. 2. The distance between any 
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two adjacent conductors is — centimetres, and the cylin- 

drical arfea enclosed by tbem is " square centimetres. If 
dn lines enter the cylindrical surface between them, 



Adn 



2TTrl 
will be the intensity of magnetisation at the surface of the 




Fig. 2 



cylinder, that is, the number of lines per square centimetre 
crossing the tangent plane to the cylinder at that point. 

In Fig. 3, d represents the axis of one of the conductors 
lying in the cylindrical surface, and we assume that the 
lines of force enter the cylinder in the direction indicated 
by the sheaf of arrows, so that the plane at right angles 
to the lines of force makes an angle of 6 degrees with the 
tangent plane at d^ the line edc representing a portion of the 
cylindrical surface in a plane at right angles to the ??.hei!t. 
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The force / on the conductor is, as we have seen, 
ffltlO^', where H is the number of lines per square centi- 
metre in the plane making 6 degrees with the tangent at d. 
Substitute for H its value in terms of the intensity in the 

tangent plane, and we get /= - 10 . Now, this 




force acts in a direction making d degrees with the tangent 
at d. Hence the resolved part of the force in the direction 

the tangent is — — 10~'. 

The sum of the tangential forces on all the conductors 

round one side of the armature is thus g— -10"', where N 
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is the total number of lines of force entering the cylindrical 
surface from one pole. Hence the couple or torque f, due 
to the forces on both sides, tending to turn the armature? 

is —AiNlO~^, The whole current, c, passing into or out of 

TT 

the armature will be twice that in each conductor, so we 

have ^ 

t=±.AcmO-' (2). 

We shall find it convenient to express this in inch- 
pounds. Eemembering that a weight of one pound is equal 
to 4*45 X 10^ dynes, we get 

t=V4:lAcN10-^ inch-pounds (3). 

We have for simplicity supposed that the dynamo has 
only two poles, and that N lines enter the armature from 
one pole, and pass from the armature into the other pole. 
If the dynamo had four poles with N lines per pole and 
A surface conductors, N and A being the same as in the 
two-pole machine, and if the current per conductor remained 
unaltered, the total force on all the conductors would be 
doubled. But if the four polar divisions of the armature 
are connected in parallel, a current of c amperes entering 
the armature will be divided into four instead of into two 
parts, as with the two-pole machine ; hence, if c is the 
same as before, the current per conductor in the four-pole 
machine is half what it was in the two-pole machine, so 
that the force and the torque remain unaltered. 

Equation 3 is then a general equation, applicable to 
machines having any number of poles, provided that N is 
the number of lines per pole, and that there are as many 
surface conductors in series between the main terminals of 
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the machine as there are in one polar division of the arma- 
ture ; when this is the case the armature is said to be con- 
nected in parallel. 

If, however, the armature is connected in series, the 
conductors lying under one pole being placed in series 
with those lying under another pole, the force and the 
torque must be multiplied by a quantity p, expressing the 
number of polar divisions of the armature thus connected 
in series. Equation 3 may then be written — 

t=l-4^1pAcmO-^ (4). 

Example 1. — A four-pole dynamo has 440 surfece 
conductors with 16*1 x 10^ lines per pole. The armature 
is series connected, giving p=2. The torque for 300 
amperes is 60,000 inch-pounds. 

Example 2. — A ten-pole dynamo has 28*6x10® 
lines per pole and 1,440 surface conductors ; the armature 
is parallel connected, giving ^=1. The torque for 800 
amperes is 465,000 inch-pounds. 

Equation 4 may be written 

t=l'4^1cM (5). 

M being given by 

M=pAmO-^ (6). 

where A is the number of surface conductors, p is the 
number of polar divisions of the armature connected in 
series, and N is the number of useful lines per pole. 

We shall call M the Induction Factor of the 
dynamo. 

Example 3, — A two-pole dynamo has 200 surface 
conductors and 2*1 x 10^ lines per pole. The induction 
factor is 4*2. 
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Example 4. — A four-pole motor has its armature 
series connected, with 2-8 x 10^ lines per pole and 600 
surface conductors. The induction factor is 33*6. 

When M is known the torque for any current can at 
once be obtained from Equation 5. 

Example 5. — A motor has an induction factor of 5. 
The torque on the shaft for 90 amperes in the armature is 
635 inch-pounds. 

In estimating A we have to count round the entire 
surface of the armature, and include only those conductors 
which, being adjacent, are also in series with one another. 
In many cases one * conductor,' according to our nota- 
tion, is, for convenience, made up of two or more in- 
sulated wires in parallel, so that in counting we must be 
careful not to reckon as two conductors two adjacent * 
wires which are connected in parallel with- one another. 

Example 6, — A railway motor has 60 slots on the 
armature, and 24 wires per slot, every two of which are in 
parallel, giving 1 2 * conductors ' per slot, and making 
^ = 720. 

In a ring-wound armature each turn after leaving 
the end of the armature away from the commutator passes 
inside the armature, where it does not cut any lines of 
force, and so back to the next bar. Hence one turn per 
commutator bar with a ring armature means as many 
surface conductors as there are bars ; four turns per bar 
means four times as many surface conductors as there are 
bars, and so on. 

In a drum armature, however, each turn after passing 
up the armature from the commutator, is brought back on 
the surface of the armature, and finds its way to the next 
bar without passing inside the armature \ hence eack 
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commutator bar provides at least two surface conductors, 
and the total number of surface conductors is at least 
twice as many as the number of bars. 

Example 7, — A railway motor has 100 bars on the 
commutator with four turns per bar ; the armature is 
drum wound. A is 80^. ^cx.. 

Example 8, — A motor has a ring-wound armature, 
120 commutator bars, and 8 turns per bar. The number 
of surface conductors is 960. 

Equation 5 shows that we can find the induction 
factor of a dynamo by observing the current in the 
armature and the corresponding torque on the shaft. 

A lever is bolted to the shaft of the dynamo, and the 
pull at a measured distance from the centre observed by a 
spring balance, which should be provided with a metal 
stirrup to go under the lever. The balance should be 
raised until the lever is horizontal, and the pull then 
read. 

We shall find that we get a small reading on the 
scale when there is no current in either magnets or 
armature. This is due to the friction of the bearings and 
brushes ; we may assume it to be constant throughout the 
experiment. On exciting the magnets we shall generally 
find that the pull is slightly increased without having any 
current in the armature ; this will be explained later on, 
but we may state briefly that a definite torque is required 
to turn a mass of iron in a magnetic field, the amount of 
the torque depending on the quality of the iron, the 
intensity of the field, and the volume of iron turned ; if 
the current exciting the magnets be kept constant, this 
torque, which we shall call the * hysteresis torque,' will be 
constant. 



CB. I THE INDUCTION FACTOR 9 

Since the torque in Equation 5 is that due to the action 
of a current ia the armature, we must be careful that we 
do not credit either tlie frictional or hysteresis torque to 
this action ; we must therefore deduct the pull observed 
with no current in the armature from all subsequent 
readings, and if the magnet current be kept constant we 
shall then get the true torque due to the current in the 
armature. 
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An ammeter should be placed in the magnet circuit 
and the current kept constant during the test. The 
induction factor obtained will be that for this particular 
current in the magnets ; if this current is altered, a 
diiferent induction factor will be obtained. 

The experiment here described, in which the induc- 
tion factor is found by measuring the torquawhen 
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the machine is at rest, shows that the force produced by a 
current in the armature is independent of the motion of 
the armature. 

In Fig. 4 will be found the results of a torque test 
made with an Edison 12 K.W. dynamo. This machine 
has 200 conductors on the armature, and is designed to 
carry 96 amperes at 125 volts, running at 1,500 revolu- 
tions per minute. The conductors are laid on the surface 
of the iron core. The torque is plotted on a base of 
amperes in the armature. 

The current in the magnets was kept constant at 4*5 
amperes. The leverage was 30 inches. A pull of 1 '4 pounds 
due to friction was observed with no current in magnets or 
armature ; this was not increased when the magnets were ex- 
cited, showing that the hysteresis torque was inappreciable. 
The induction factor is obtained from Equation 5. 

After the experiment a current of 78 amperes was 
passed through the armature, aod a fall of potential of 
3*74 volts observed, giving the resistance from brush to 
brush as 0-048 ohm. 

In Fig. 5 let ah represent the length 7n% where r is 
the mean distance of the axes of the conductors from 
the centre of the shaft ; ab is thus equal to one half of 
the armature circumference measured round the circle of 
radius r. 

Set off along ah points 1, 2, 3, 4 . . . to represent the 
positions of the conductors. The distance from point to 

point will be . of the complete circumference, assuming 

for the present that the conductors are laid side by side. 

At each point draw a vertical line, to represent by its 

length the i2umber*of lines of force per square centimetre 
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eatering the armature across the cylinder of radius r, on 
the surface of which the axes of the conductors are 
supposed to be lying, aa shown in Fig. 2. The ends of 
these vertical ordinates will form a curve, the shape 
of which will depend upon the variation of the intensity 
of magnetisation from point to point round the armature. 
The curve will generally be quite irregular and follow no 
definite law ; methods of obtaining it experimentally will 
be given later on. We shall call such a curve the 




magnetisation ourre, and the points a, h, the neutral 
points ; these points will be a distance irr apart if the field 
is symmetrical. 

The area of each element of the curve being the 
product of the intensity at any point into the distance over 
which the intensity may be assumed to be constant, will 
represent dn, the number of lines of force entering the 
armature between two adjacent conductors, and the whole 
area of the curve will represent N, the whole number of 
lines of force entering the armature from one ^le. 
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tension arc light dynamo. Tiiis machine has a ring 
armature with 80 sections and 47 turns per section, mak- 
ing ^ = 3,760. The areas of the curves for 3, 6, and 
9 amperes in the magnets are as 100, 159, and 178. 
The corresponding values of A'" as obtained by a method to 
be presently described are l-OSxlOe, l'08xl0«, and 
1-89 X 10«. 
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Let us suppose that the armature is turned through ai 

mgle equal -- - degrees. Each conductor will then swee 

through the space that lies between it and the nesl 
mnductor. Tlie number of lines of force occupying thi 
pace is represented by the ai-ea of the atrip of the curv 
letween the two conductors ; hence each conductor wil 
3ut a number of lines of force represented by the area o 
ihe strip next to it. Let ihi be the area of any such strip 
iind rf( the time occupied in turning the armature throng! 
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— of a revolution, then the rate of cutting lines of force is 

flth 

- ■- ; there will therefore be an induced tension at the ends 
at 

of each conductor equal to ,- c.ff.s units of tension, or 

^ ^ dt ^ ' 

-=-10"® volts, so that if each conductor were separate from 

CLv 

all the other conductors, we should observe a reading 

dvL 
of -10"® volts on a voltmeter connected to the ends of 
dt 

any one conductor, dn depending upon the position of the 

conductor. 

In practice, if the brushes are placed at the neutral 

points ahy each conductor is in series with all the other 

conductors round one side of the armature between the 

brushes, so that the effect is as if we had one long conductor 

cutting lines at different rates along its length ; the total 

number of lines cut by this imaginary long conductor in 

dt seconds is represented by the whole area of the curve ; 

N 
hence the whole tension induced is -=^10"® volts. 

dt 
If the armature is rotating uniformly at n revo- 
lutions per second, dt= — '. hence the tension induced 

nA 

in all the conductors in series between the neutral points, 
and observed on a voltmeter connected by brushes to these 
points, will be given by the equation 

6=^7iiV10-® volts (7). 

If the dynamo has more than two poles, and if the 
conductors between two adjacent neutral points are placed 
in series with these between two other neutral points^ jp 
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representing as before t,be number of polar divisions of the 
armatnre thus connected in series, we may write : 

e=pAnN10-^ (8). 

We have assumed that the conduetora are spaced evenly 
roimd the armature. A similar proof would hold good if 
the condnctors lay two or more deep, with equal spaces 
between those in each layer. 

If in Equation 8 we insert M in place of JJ.4A' 10"", 

'°^' ;=jf„, (9). 

IVom this we see that the induced tension in a dynamo 
is given by multiplying the induction factor by the number 
of revolutions per second. The induction factor may thus 

defined as the induced volts divided by the number of 
revolotions per second. 

We must not however suppose that because M is thus 
defined it depends on the motion of the armature. Equa- 
tion 6 shows that M depends only upon p, A, and N, and 
les not in any way involve the speed. 

We have here a second method for finding the 
lue of the Induction factor — namely, to drive the 
dynamo as a generator, and observe the induced tension at 
I the terminals of the miichine, and tlie revolutions per second. 

In making this test we must be careful to insure that 
the tension recorded is the true induced tension, expressed 
by Equation 7. The voltmeter will only indicate this 
tension provided that the brushes are placed precisely at 
the neutral points, for in this position only will all the 
conductors between two brushes be generating a tension 
of like sign. Any forward or backward lead will place two 
t sets of conductors with opposing tensions between two 
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brushes, and consequently make the reading of the volt- 
meter less than the true induced tension. 

If the speed be plotted along a horizontal axis and the 
readings of the voltmeter along a vertical axis, then if M 
is constant for any given current in the magnets, the locus 
of the observed points should be a straight line, and this 
should pass through the axis if there be no residual 
magnetisation. 

Fig. 7 gives the results of an experiment made on the 
arc light dynamo, previously described. In this experi- 
ment the current was kept constant, first at two and then 
at four amperes, and the speed varied, the tension 
corresponding to each speed being observed and plotted in 
the figure. There was no current in the armature. The 
points found lie on straight lines passing through the 
origin, showing that the induction factor is independent 
of the speed. 

If a current is passing in the armature during a test, 
the tension observed at the brushes will be less than the 
induced tension by an amount OR volts, where G is the 
current and R the resistance of the armature from brush 
to brush. The product OR is called the ' heat drop.' 
Hence to find M when a current is passing, we must 
measure G ; knowing R, we can add the product GR to 
the measured volts at the brushes. 

Example 9. — We wish to know the torque on the 
shaft of a direct coupled generator due to a current of 300 
amperes passing in the armature. The speed of the 
dynamo as indicated by a tachometer is 400 r.p.m., 
while the voltmeter reads 120 volts on open circuit. 
Dividing the volts by the revolutions per second, we find 
the induction factor to be 18; the torc^ue thrown on t\v^ 
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shaft when a current of 300 amperes is passed through 
;^the armature is then 7,610 inch-pounds. 

Example 10. — A generator is running at 44^0 r.p.m. 
The tension on the brushes is 550 volts when the machine 
is delivering 400 amperes. The internal resistance of the 
armature is 0-0375 ohm. What is the pull on the belt 
due to the current in the armature if the pulley is 40 
inches diameter ? The heat drop is 15 volts, so that the 
true induced tension is 565, and if is 77. The pull due to 
the armature current is equal to the torque divided by the 
radius of the pulley, or 2,166 pounds. If we had neglected 
the heat drop, the pull would have appeared to be 56 
pounds less than this. 

The induction factor can be varied by changing the 
current in the magnets. We may obtain values of M for 
different values of the magnetising current by either of 
the methods previously described, the torque or the speed 
method. If the values of M are plotted on a base of 
current in the magnets, we get a curve that we shall call 
the * induction curve.' 

Fig. 8 gives the induction curve of the arc light 
dynamo already described, obtained by running the arma- 
ture at a measured speed and observing the induced 
tension on open circuit for different currents in the magnets. 
The curve plotted in the figure is for descending values of 
the current. 

The curve commonly called the ' Characteristic ' may 
be obtained from the induction curve by multiplying the 
vertical ordinates by any given number of revolutions per 
second, thus giving a curve of volts for the given speed on 
a base of magnet current. The induction curve is quite 
independent of speed, since it represents the m«.^\v&tvji 
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condition of the dynamo for different magnet currents, and 
in no 'way involveB the idea of motion. 

When a current is made to pass through the armature 
of a dynamo, the magnets being excited, the field due to 
the magnets is shifted and the distribution of magnetisa- 
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tion changed, the result often being an alteration in the 
area of the magnetisation carve and a diminution in the 

value of M. The amount of this diminution depends veiy 
largely upon the form of the pole pieces. 

Jn some machines where the value of the induction factor 
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is practically constant for all currents in the armature, 
while in others If is perceptibly diminished as the armature 
current is increased. 

Experiments were made on the arc light dynamo, 
previously described, to ascertain the amount of the reduc- 
tion of M due to this cause. The current in the magnets 
was kept constant at 9 amperes, and the armature current 
increased from nothing to 10 amperes. The induction 
factor was observed by the torque method. The results 
are plotted in Fig. 9. M decreases from 70 to 63. 

The experiment made on the Edison 12 K.W. dynamo 
and plotted in Fig. 4 shows no change in the value of M 
i due to this cause. This matter will be discussed in greater 
detail in a later chapter under the name of Armature 
Reaction. 
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CHAPTER II 

CONDITIONS OF UNIFORM MOTION 

When a conducting circuit of R ohms resistance is con- 
nected to a line having a tension of E volts, the rate of 
communiication of energy to the circuit is measured by 
the product of the tension of the line into the current 
flowing ; if this current is c amperes, energy is supplied 
to the circuit at the rate of cB watts. 

The energy thus supplied is expended in two ways, 
in heating the circuit and in doing work. The rate of 
expenditure of energy in the form of heat we know to be 
equal to the product of the resistance into the square of 
the current, or c^R watts. We now have to find an 
expression for the rate of expenditure of energy in doing 
work. 

Let us suppose that part of the conducting circuit is 
placed near some magnetic field, so that when a current is 
flowing in the circuit the action of the current on the 
magnetic field produces a tendency to move the circuit. 
We will further suppose that the circuit is contrived in 
such a way that continuous motion is possible. 

The action of the current on the field may be repre- 
sentei bj the moment of a force of F pounds acting at a 
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distance of r inches from the axis of rotation. The work 
done in one revolution is then 27n'F inch-pounds. If the 
conducting system makes n revolutions per second the 
work done per second is 2'nrFn inch-pounds. This is 
called the rate of working, being the work done in unit 
time. We have then an expression for the rate of doing 
work stated in terms of inch-pounds per second. Divide 
this by 12 and we get foot-pounds per second, divide 
again by 550 and we get the rate of working expressed in 
horse-power, multiply by 746 we get finally the same 
quantity expressed in watts. If we now substitute for Fr 
the letter t, representing the torque in inch-pounds, 
we get 

the rate of doing work =iv=0*71tn watt ...(10). 

This equation has been derived from purely mechanical 
considerations, and does not necessarily involve anything 
electrical. 

We have already seen that when a current of c amperes 
flows in a circuit acted upon by a magnetic system, the 
torque is given by t-=l'4ilcM, where M is the induction 
factor. If we insert this in place of t in Equation 10 we 
see that the rate of working is given by 

w=cMn = ce watts (H)- 

where e is the tension induced by the motion. We thus 
arrive at the very important result that the rate of 
working is expressed by the product of the current 
and the induced Yolts. 

This equation was derived by simply considering the 
forces acting on the conducting system, and obtaining an 
expression for the work done per second in teiYisx^ o^ \Jcv^ 
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current in the circuit and the induction factor. If the 

motion is in the direction of the force produced by 

the current, work is being done by the current ; if the motion 

is in the contrary direction, work is being done on instead 

of by the moving system. In both cases the rate of 

working is given by the product of the current and the 

induced tension. 

Example 11. — A dynamo with an induction factor of 

4 runs at 1,500 revolutions per minute, and has a current 

of 70 amperes passing in the armature. The induced 

tension is 100 volts, so that the rate of working is 7,000 

watts. Nothing is here stated as to whether the dynamo is 

acting as a motor and doing work, or acting as a generator 

and having work done on it ; it is sufficient to know that 

a current of 70 amperes is passing, and that the induced 

tension is 100 volts, in order to ascertain the rate of 

working, positive or negative. 

We have now obtained expressions for the rate of 

expenditure of energy in our circuit in the two possible 

ways, as heat and as work. The Principle of the 

Conservation of Energy tells us that the energy supplied 

to the circuit, per second, must be equal to the energy 

spent in heating together with that spent in doing work. 

We are thus able to write down the equation of energy for 

the circuit thus : 

cE=ce + cm (12). 

This is the energy equation when the line is the source of 
energy, the current is then doing work and the dynamo is 
acting as a motor. 

If no work is being done, the induced tension is 

nothing since there is no motion, and consequently c= . 

R 
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E—e . , 
When work is being done c=-^-, it thus appears that 

when work is being done the current is less than that given 
by Ohm's law. It follows from this that the tension 
induced by the motion tends to reduce the cuiTent and acts 
in the contrary direction to that of the line. But the 
current from the line is producing the motion, hence 
the induced tension tends to stop the motion. 
This is a proposition of great importance, since it gives 
us a means of determining the direction of the induced 
tension under all circumstances. We see that it is simply 
one way of expressing the energy equation for the 
circuit as laid down by the Principle of the Conservation 
of Energy. 

This truth may be established in another way. Take 
the case of a generator where the current flows in the 
direction of the induced tension. The current in the 
armature produces a torque, the direction of which depends 
upon that of the current, and of the sign of the field. If 
the torque due to the current assisted the motion we should 
have arrived at a condition of perpetual motion^ the 
Principle of the Conservation of Energy therefore demands 
that the torque due to the current should oppose the 
motion, hence the induced current must flow in the 
armature in such a direction as to oppose the motion. 

We here assume that the circuit is closed, and 
the current passing in the armature in the direction of the 
induced tension, but as it is evident that the phenomenon 
of induction will be present, even if the circuit be broken, 
and no current be permitted to pass, we are led to this 
general law : Any displacement of the relative positions 
of a closed circuit and of a magnetic system induces 
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a tension tendiug to seiiil a (jurrtint in u direction 
opposing the motion. 

In the case with which wp shall be concerned chiefly, 
when the dyoamo is used as a motor, the current in the. 
armature does not flow in the direction of the induced 
tension, bo that it is important to remember that a tension - 
is induced in virtue of the motion of the conductors in 
the magnetic field, even though the current that actually 
flows is not in the direction of this induced tension. 

We have stated that eiifrgy is communicated to a 
motor in two ways — as heat and as lArork. We must 
now inquire more precisely into the distinction here as- 
sumed. We know that energy in any form can be expressed 
as the product of a forcft into a distance. Thus, if a 
body weighing ten pounds is raised through a distance of 
five feet, the energy communicated to the body is fifty 
foot-pounds. If the body ia raised through this distance 
a one second, the rate of communication of enei^y is fifty 
foot-pounds per second, or 68 watts. This would be the 
rate of communication of energy to an incandescent lamp 
taking 068 ampere at 100 volts, but in this case the 
energy would be communicated in the form of heat. There 
ia this important difference : in the case of the weight the 
energy is expended in overcoming a force acting in a 
definite direction, whereas in the lamp there ia no socti 
force to be overcome. 

I When energy is spent in overcoming a resisting force 
we say that work is being done. Thus we say that we are 
doing work when we are raising the weight, because we 
are overeomiug a resisting force. With the lamp, how- 
ever, we cannot say that we are overcoming any resisting . 
force; it is true that we are communicating energy, but we 
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speak of the energy thus communicated as being in the 
fonn of heat. 

Professor Clerk Maxwell has stated that * the only 
difference between these two kinds of communication of 
energy is that the motions and displacements which are 
concerned in the communication of heat are .those of mole- 
cules, and are so numerous, so small individually, and so 
irregular in their distribution that they quite escape all 
our methods of observation, whereas when the motions and 
displacements are those of visible bodies consisting of 
great numbers of molecules moving together, the com- 
munication of energy is called work. Hence we have only 
to suppose our senses sharpened to such a degree that we 
could trace the motions of molecules as easily as we now 
trace those of large bodies, and the distinction between 
work and heat would vanish, for the communication of 
heat would be seen to be a communication of energy of the 
same kind as that which we call work.' ^ 

It is important to remember that doing work implies 
overcoming a resisting force which can be measured experi- 
mentally. We know that we must be overcoming some 
force when we pass a current through a rheostat, since 
the dimensions of rate of communication of energy are 
always the same, viz. a force multiplied by a distance and 
divided by a time; but in the case of heat we cannot 
measure the force experimentally, and therefore we cannot 
say that we are doing work. 

This becomes clearer if we express the rate of com- 
municating energy in terms of t and n, using the equation 

already found : 

iv=:0'71tn watt (10). 

* Scientific Papers^ vol. ii. p. 669. 
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This equation is true for all forms of communication of 
energy, as heat or as work. When we can measure t we 
are doing work, but when the energy is all going in the 
form of heat, t cannot be measured. In the case of the 
68-watt lamp, all that we know is that the product of a 
torque of t inch-pounds into a speed of oi revolutions per 
second is 96 ; if we knew t, we could deduce ?i, and vice 
versd. 

The molecular movements constituting heat cannot 
therefore assist or resist motion ; if we could marshal all 
the molecules, assuming that we had command of 
suflSciently delicate mechanism, and oblige them to move 
in the same direction, we could then make them resist or 
assist motion ; but if we could do this, we could also apply 
a force to them and stop their motion completely, thus 
taking all the heat out of a body and making it perfectly 
cold. Our physical inability to accomplish this result is 
stated in what is called the Second Law of Thermodynamics. 
(See Professor Clerk Maxwell's ' Theory of Heat.') 

In considering the energy supplied to an electric motor 
we require to know precisely how much of the energy is 
spent in overcoming resistance to motion. It is not 
sufficient to know that the energy used in overcoming 
friction, for instance, is eventually dissipated in heat, 
we must know whether friction oflfers a resistance to 
motion. Similarly, we must not consider the energy used 
in heating the armature as spent in overcoming resistance 
to motion. 

In the two cases here selected it is not difficult to see 
which should be classed as heat and which as work. But 
cases may arise when it is not easy to effect the right 
classification. For instance, we know that when a mass of 
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iron is rotated in a magnetic field a certain expenditure of 
energy is necessary on account of what has been called 
hysteresis. This energy is, no doubt, eventually dissipated 
in the form of heat, but this fact does not warrant us in 
classing it under heat in the performance of an electric 
motor. We must know whether the effect of hysteresis is 
to oppose the motion. 

Now, although the motions concerned in the expendi- 
ture of energy by hysteresis can be described as being 
* those of molecules/ and as being * so small individually 
that they quite escape all our methods of observation, ' yet 
we know that energy spent in hysteresis is spent in over- 
coming a definite resistance to motion, a resistance that 
can be measured. Hence we conclude that hysteresis 
must be classed as an expenditure of energy in the form of 
work. 

This conclusion may at first sight appear to be a contra- 
diction of Clerk Maxwell's statement that ' when the 
motions and displacements are those of visible bodies con- 
sisting of great numbers of molecules moving together, the 
communication of energy is called work,' for we could 
hardly describe the phenomena of hysteresis in such terms. 
Clerk Maxwell, however, foresaw the possibility of 
* our senses being sharpened to such a degree that we 
could trace the motions of the molecules as easily as we 
now trace those of larger bodies.' The researches of 
Professor Ewing and others have enabled us to do this in 
the case of hysteresis, so that we can actually trace the 
motions of the molecules accompanying this phenomena as 
easily as we can trace those of larger bodies, and measure 
the resistance to motion that is offered by the combined 
action of all the molecules in the iron. 
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The forceB acting on the shaft of a dynamo 

may be divided into two claaseR, those which assist and 
those which resist the motion. 

Thus, when u, dynamo is acting as a generator and 
driven by a steam engine, the force of the engine assists 
the motion, while the action of the current in the armature, 
if any, and the friction resist the motion. 

If the dynamo is acting as a motor, the forces of the 
cnrrent in the annature acting on the magnetic field assist 
the motion, while the friction and the useful working forces 
resist the motion. 

We shall use the term load to denote the forces 
in a motor tending to resist the motion, and we shall 
express these in terms of inch-pounds of torque. 

A motor may be said to be ' free to move ' when the 
load is finite. If the shaft is blocked in any way the load 
is infinite and the motor is not free to move. It does not 
follow that the shaft will turn if the motor be free to move, 
since the torque produced by the action of the current in 
the armature may not be sufficient to cause motion. 

When the magnets of a dynamo are excited and the 
armature caused to rotat-e, either as motor or generator, 
we may divide the torques acting on the shaft as follows : 

1. The torque on the pulley; this assists the motion 
in a generator and resists the motion in a motor. 

2. The action of the current in the armature, given by 
(=l'4lc3f ; this assists the motion in a motor and resists 
the motion in a generator. 

3. The action of eddy currents in the armature and 
pole-pieces; these oppose the motion in ail cases. 

4. Friction of the bearings and brushes, and wind 
resistance ; these oppose the motion in all cases. 
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5. Hysteresis, arising from the fact of a definite torque 
being needed to turn a mass of iron in a magnetic field ; 
this always opposes the motion. 

If the torque assisting the motion exactly balances 
that resisting the motion, the motion will be either 
nothing or uniform ; uniform motion implies a balance 
between the assisting and resisting torques, assuming that 
motion has been established. For if the assisting torque 
is greater than the resisting torque, there will be a surplus 
available for acceleration. 

Take the case of a locomotive pulling a train ; if the 
horizontal effort of the locomotive at the draw-bar is 
greater than the frictional resistance of the train it will 
accelerate ; when the draw-bar pull is equal to the resist- 
ance the motion will be uniform. If, before there is any 
motion, the draw-bar pull is only just equal to the resist- 
ance the train cannot start. So in a motor, to effect a 
start the assisting torque must be greater than the 
resisting torque, leaving a surplus which we shall call the 
' accelerating torque,' the motor will then speed up until 
the assisting and resisting torques balance, and uniform 
motion is the result. 

If a motor with an armature of R ohms resistance be 
connected to a line having a tension of E volts, the greatest 

possible current is ^ amperes. If the induction factor oi 
the motor be 3f, the torque produced by this current in the 

111 r 

armature, as given by Equation 5, is 141 "^y- inch-pounds. 

If the load is greater than this amount the armature cannot 
move ; if it is less than this the difference is available for 
acceleration, and the motor will speed np until the toro^ae 
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due to the current is equal to that due to the load. The 
process of speeding up will be discussed in a subsequent 
chapter. We shall for the present confine our attention 
to the oonditions of uniform motion. 

When the motion is uniform, i.e. when the speed is 
neither increasing nor decreasing, the torque due to the 
current must exactly balance that due to the load, for if it 
were greater or less than this there would be a torque 
available either for acceleration or retardation. It follows 
that for uniform motion the current is determined by 
the load, and is given by Equation 5, where t is the 
torque due to the load, i.e. the sum of all the torques resisting 
the motion. The current is thus independent of the 
tension of the line and of the speed. 

As an illustration we may take the case of a railway 
motor driving a loaded car. Suppose that the tension 
of the line falls from 500 to 200 volts. Since the current 
depends on the load, which is unaltered by the decrease 
of the tension, the motor will take the same current at 
200 volts as it did at 500 volts. 

In Fig. 10, let DO be drawn to represent the maximum 

V 
possible speed — in revolutions per second, and DB the 

E 
maximum current — amperes. Join JBO, then the inter- 

cept of any vertical ordinate between DB and BO repre- 
sents both the speed and the induced tension for any current, 
since, if M is constant, the induced tension is proportional 
to the speed. When the load on the motor is such that for 
steady motion the current given by Equation 5 is DK 
amperes, the speed is given by KF and the induced volts 
also by KF. Since DO is equal to £/, the tension of the 
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line, and DB=-~, it follows that the tangent of tke angle 



f 

^H AOB is equal to the resistance of the motor. The same 
^^L diagram could be constmcted by settihg off ^10B=taii~' ft, 
^H and OB equal to the tenelon of the line. BB would then 
^f be the maximum current. 

The diagram sbowB us that when the load is so great 
as to require a current BB to balance it, the whole of the 
energy from the line is espeiided in heating the resistance, 
the lice watts being represented by the area OABB. As 
the load is reduced the motor begins to torn, the line watts 
is diminished, but some of the energy from the line is now 
used in doing work, the ratio of the areas BKFG, DKHO, 
being the ratio of the mechanical watts to the line watts. 
This ratio represents the proportion of the energy from the 
line that is used in overcoming resisting torque. 

At the point B the speed is nothing, the mechanical 
watts is nothing, and the torque has its maximum value. 
On the other hand, at the point D the speed is a maximnm 
and the torque is nothing. Hence the mechanical watts 
increases from nothing to some maximum and then decreascB 
to nothing again, the speed increasing as the torque 
decreases. 

i mechanical watts is a maximum when BK=KB 
\ (not necessarily when BKFG is a square), i.e. when the 
l^cnrrent is half BB, the area of BKFG is then seen to be 
lone fourth of BBAO. Hence the greatest possible 



V the mechanical watts in 



F' 



For any value of w less than ^ j- there are two poa- 
Bible values, one with ( large and n small, the other wit^ 



3le 

J 
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n large and t small, both having an equal area in the 
diagram. 

We have now to inquire what determines the speed 
when the load is fixed. If we put Mn for e in Equation 
12, 71. being the revolutions per second, we get 

E—cR ,To\ 

''=—M~ (^^)- 

from which we see that when E, B and M are fixed, the 
speed depends only upon c ; but c depends upon the load, 
hence the speed depends on the load. 

If cR is less than E, n is positive. If the load is nothing 

cR is nothing and 71=—-, so that if we had no load and 

M 

no frictional or other resistance to oppose the motion, the 
armature would run at a speed given by dividing the 
tension of the line by the induction factor ; this is there- 
fore the maximum possible speed of a motor. li cR=E, 
n is nothing. This is simply a different way of stating 
the fact that if the current is a maximum, the speed is 
nothing. 

We can also express the speed thus : 

E tR /^ A\ 

Example 12.— Let E= 100, If =8, and R=2. The 
maximum current is 50 amperes ; motion is only possible 
if the load is less than 564 inch-pounds. Suppose that 
the load is 300 inch-pounds, the current required to 
balance the load is 26*6 amperes and the heat drop is 
53*2 volts; the speed is thus 351 r.p.m. The maximum 
possible speed for no load is 750 r.p.m. 

From Equation 13 we see that when cR is ueg^ative 

\> 
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and greater than ^, n is negative, i.e, the direction of 
rotation is reversed, and consequently the induced tension 
is of the same sign as the tension of the line. Suppose 
that the load is such that, to balance it, a current DK" is 
required. For uniform motion we must have Jff" iiC" the 
tension, of the line, plus £" F'' the induced tension, equal 
to fl" F", the heat drop. We thus have a gi^eater current 

XT 

flowing than that given by c= — . 

It is important to notice that the direction of rotation 

jCT 

is reversed only when the current is greater than ~ ; this 

R 

shows that we can reverse the motion of a dynamo by 
putting on a load greater than that given by 1-41—- ; 

the dynamo then ceases to be a motor and becomes a 
generator. 

The conditions here described can be represented 
experimentally as follows : A motor is taken and con- 
nected up to a line of constant tension through an 
ordinary starting rheostat, and an adjustable rheostat is 
placed in series with the armature, so that the resistance 
can be varied and the motor brought to a standstill. 
On the shaft is placed a pulley with a cord attached, 
which is wound round the pulley and hangs down on one 
side, loaded with weights in a pan. The weights and the 
rheostat are adjusted until the armature is at rest, and on 
turning it with the hand, as ready to move one way as the 
other, the current through the armature being observed 
with an ammeter. 

The following experiments may be made : 

1. Increase the load by adding weights and observe 
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how the current has to be increased by reducing R in 
order to obtain a balance. 

2. Decrease the load and observe the diminished 
current required for a balance. 

3. Keep the load constant, and diminish the resistance ; 
note {a) the temporary increase of current ; (/>) the direction 
of rotation, say clockwise ; (c) the tendency of the current 
to resume its previous value. 

4. Keep the load constant, and increase the resistance ; 
note (a) the temporary decrease of current ; (6) the direction 
of rotation, now counter-clockwise ; (c) the tendency of the 
current to resume its previous value. 

5. Cut the cord and notice how the armature speeds 
up to its maximum speed. Take the speed and the tension 
at the brushes. Deduce M, calculate the torques for the 
currents previously observed, and see how they correspond 
with the torques obtained by measuring the pulley diameter, 
and multiplying by the weights used. 

These conditions might be realised in the case of 
a lift, the unbalanced weight of a car taking the place 
of the weights in the experiment. A certain current 
is required to hold the car in position. If the resistance 
is decreased or the tension of the line increased, 
the car rises. If the resistance is increased or the 
tension decreased, the car descends, the direction of 
rotation being reversed, and the dynamo acting as a 
generator but without reversal of current, the induced 
tension helping that of the line. 

Suppose, on the other hand, that the tension and the 
resistance were constant, and the load gradually increased. 
The speed would diminish until, for a certain load, the 
motor would come to rest, the conditions assumed being 



36 THE DIRECT- CUKEENT MOTOR CH. n 

such that the current at this point would not injure the 
motor. If the load is still further increased, the car will 
descend, and the motion will cause the current to be in- 
creased. If the load is suddenly taken oflF, as may happen 
should the car be jammed on its way down, the speed of 
the motor will increase to its maximum value. This is a 
source of danger, as the ropes would be paid off the rope 
drum and hang slack over the car. A slight shock might 
then cause the car to fall, unless special safety arrangements 
are provided. 

To return to the diagram. If the load were nothing, 
the current also would be nothing, and the motor would 
run at the maximum speed BO, In practice, it would be 
impossible to reduce the load on a motor to nothing, since 
there is always some load due to friction of bearings and 
brushes. We might, however, reduce the load absolutely 
to nothing, by applying a small force in the contrary 
direction, suflScient to balance the torque due to the 
friction. If this were done, the current in the motor 
armature would be nothing, and the speed would be given 

Suppose now that we were to apply more force than 
was necessary to overcome the frictional resistance, the 
sign of the load would then be changed, and instead of 
resisting the motion, the load would be assisting the 
motion. But we have seen that the torque due to the 
load must be equal and opposite to that due to the current 
in the armature, hence if the load changes sign, the 
current must also ohange sign. 

This conclusion is of great practical importance ; it 
shows u*s that the current and the load change sign 
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together. If the load is nothing the current is nothing, 
if the load resists the motion the current flows from the 
line, if the load assists the motion the current flows into 
the line. 

We can thus change the sign of the cuiTent by reversing 
the load, so that a dynamo will act as a generator or 
as a motor according to the sign of the load, and the 
change from the one to the other is through the value of 
zero load. 

During the process of a reversal of the load the sign of 
the induced tension is unaltered, hence a dynamo does not 
reverse its direction of rotation when changing from 
generator to motor. This is seen also from Equation 13, 
which shows that whatever be the sign of c, n can only be 
negative when c is negative, and cR greater than E, 

The direction of rotation may of course be reversed by 
changing either the sign of the terminal tension or the 
sign of the magnetic field. If both are changed simul- 
taneously, the direction of rotation is unchanged. The 
usual method of reversing is to bring the motor to rest, 
reverse the sign of the terminal tension, and then start 
up in the ordinary way. 

The change in the sign of the current consequent upon 
a change in the sign of the load is clearly shown in the 
figure. For any current. Off', delivered into the line, the 
energy per second expended in heat is represented by the 
area OO'F'H' ; the energy given to the line, being the 
product of the current and the tension of the line, is 
represented by the area ODK'H' ; the whole energy ex- 
pended is thus represented by the area DK'F'G', and this 
is equal to the input of energy in the form of work done. 
This we see to be true, since K^F^ represents the STjeed 
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and hence the induced tension ; the area DK^F^G' is 
therefore the product of the current and the induced 
tension, and therefore equal to the work done per second. 
The induced tension is now greater than that of the line, 
the difference, 7f'^', being what is called the 'effective' 
tension. 

Example 13. — Suppose that we have a shunt- wound 
dynamo directly connected to a steam engine running at 
462 r.p.m., and giving 100 volts at the brushes on open 
circuit. The induction factor is then 13. Let the dynamo 
be acting as a generator, and charging accumulators. 
Assume the speed and induction factor to be constant. 
Suppose, also, that the torque required to turn the engine 
and armature is 400 inch-pounds. When the dynamo 
is delivering 100 amperes into the accumulators, the 
torque due to the current is 1,300 inch-pounds and resists 
the motion. The friction also Opposes the motion, so that 
we have 1,700 inch-pounds of torque opposing the motion. 
Suppose, now, that the steam valve is suddenly closed. 
If there is no automatic cut-out, the tension of the cells 
immediately reverses the current in the annature, but the 
direction of rotation remains the same, since the current 
in the magnets is not reversed. The load on the dynamo 
is now only that due to friction ; hence the current taken 
from the cells will be 22 amperes. The speed is given by 
Equation 13. If i2=0015, we see that the effect of 
shutting off the steam will simply be to reduce the speed 
of the dynamo by 1*5 r.p.m., and to reverse the current 
from 100 amperes in one direction to 22 amperes in the 
other. 

We are now dealing with a motor of constant induc- 
iJon factor and resistance, whose terminals are connected 
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to a line of constant tension, the only variable being the 
load, which may change in sign and amount. We must be 
careful not to confuse the results obtained by altering 
the sign of the load with those obtained by changing 
the value of the induction factor or the tension of the 
line ; these cases will be considered later. 

If BK represents the current taken by a motor when 
running on a line of tension E^ the area OHKD represents 
the product cE^ and thus expresses graphically the energy 
per second supplied to the motor from the line. Since 
nOF=ztaji-^R, the area OHFG is the product c^i?, or the 
energy per second expended in heat. Further, since HK 
is the tension of the line, and HF equal to the product cB, 
or the heat drop, it follows that FKis the induced tension. 
The area GFKB is then the energy per second expended 
in doing work, and this is shown graphically to be equal 
to the difference between the energy per second supplied 
to the motor from the line and the energy per second 
spent in heating the resistance. 

This diagram shows how we may find graphically the 
tension of the line required to do work at a given rate. 
When the torque and the induction factor are given, we 
can obtain the current. Let this be BK. If the speed is 
given, knowing M, we can obtain the induced tension. 
Let this be KF, The area GFKB is thus equal to the 
given rate of working. The energy expended per second 
in heat depends on the resistance, since c is now fixed. 
Draw GFO equal to tan"* J^ ; OB will then be the required 
tension of the line. 

We have supposed the load to vary from the 

maximum 1*41 - to nothing, and have shown that if the 
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load did thus vary, the current would . diminish from BB 
to nothing, and the speed would increase from nothing to 
BO, We here assume that the normal resistance of the 
motor is increased by inserting a starting rheostat in the 
circuit, so that the current drawn from the line when the 
motor is at rest is not greater than the maximum safe 
current. If this rheostat were left in the circuit, the motor 
would attain a speed given by Equation 13, where R is the 
resistance of the motor and the starting rheostat. In 
practice, when a sufficient speed has been attained, and 
the current reduced, the starting rheostat is taken out, 
until finally the resistance of the motor only is left in the 
circuit. Our diagram will now serve to show the variations 
of the speed with the current, but only a small portion of 
the speed curve will be used, and it will be inclined to the 
horizontal at an angle whose tangent is equal to the 
resistance of the motor only. 

The general equation of energy involves three terms : 
1. The term cB^ expressing the energy per second 
from tLo line if c is negative, and into the line if c is 
positive, the former being the case of the motor, and the 
latter that of the generator. 2. The term ce, expressing 
the product of the current and the induced tension, and 
hence the work done. 3. The term c^B, giving the rate 
of expenditure of energy in the form of heat. 

We have (a) the case of the motor when c is negative ; 
current is passing from the line, and the induced tension is 
opposed to that of the line. (y8) c positive ; the case of the 
generator when c is positive ; the direction of rotation and the 
induced tension are the same as in the motor, but the sign of 
the current is now changed, since the current is passing into 
the line. (7) c negative, but with the sign of e changed ; 
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current is now passing from the line ; but the direction of 

rotation and therefore the induced tension are reversed. 

EM 
This is the case when the load is greater than 1* H— , 

thus causing the dynamo to turn backwards ; work is then 
being done on the dynamo, as in the case of the generator, 
but all the energy, including that from the lino, goes in 
heating the resistance. 

The three cases can be stated thus : 

(a) cE=i c^R -\- ce . . . motor. 
(y8) ce^cE -\- cHl . . . generator. 
(7) c^JR=cE -\- ce . . . generator. 

The rate of supply and expenditure of energy in the 
three cases here enumerated is shown graphically in Fig. 1 1 . 
The distance ok is taken to represent the tension of the 
line, and ab represents the current for no motion. Since 
the line watts is the product of the tension of the line and 
the current, the former being constant, distances measured 
vertically from ab may represent the line watts for 
different currents ; thus at a the line watts is nothing, 
while at b it is bd ; and for all currents the line watts for 
any current is given by the ordinate intercepted by the 
straight line ad continued both ways beyond a and d. 

The heat watts for any current will be given by the 
ordinate of a parabola passing through the points a, g^ and 
dy where ng is one-half nh. This curve can also be 
continued indefinitely beyond the points a and d. 

The mechanical watts for any current is the difference 
between the line watts and the heat watts for points lying 
between a and b ; for points to the left of a the mechanical 
watts is the sum of the line watts and the heat watts \ for 
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points to the right of d, the heat watts is the sum of the 
line watts and the mechanical watts. 

This diagram illustrates how the difference between the 
line watts and the heat watts increases from nothing at a, 
to a maximum at n, and decreases again to nothing at b, 
showing that when the dynamo is acting as a motor the 
rate of doing work is a maximum when the current is 

equal to ^. 

Flemings rules for determining the direction of 
the force on a conductor and of the induced tension will be 
found useful. Compare Fig. 12. Let the first finger, the 
middle finger, and the thumb of the right hand be held at 
right angles to one another to represent three rectangular 
axes ; then if the first finger point in the direction of the 
lines of force, and the motion be in the direction of the 
thumb, the middle finger gives the direction of the 
induced tension, Le, the direction in which the induced 
current would flow if it were free to do so. We have 
already seen that this does not give the direction of the 
current in all cases, since in a motor the current does not 
flow in the direction of the induced tension. 

The necessary complement of the preceding rule is 
the following : Let the first finger, the middle finger, and 
the thumb of the left hand be held at right angles to one 
another ; then if the direction of the first finger represent 
that of the lines of force, and the direction of the second 
finger represent that of the current, the thumb will point 
in the direction of the force produced by the action of the 
current on the magnetic field. It does not follow that 
this is the direction of the motion, since when the dynamo 
acts as a generator the direction of motioTL \^ o^^oeft^ \f^ 
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the direction of the force between the wire and the 
field. 

The rule giving the direction of the induced tension is 
as true for motors as it is for generators, and that giving 
the direction of the force is as true for generators as it is 
for motors. 
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CHAPTER III 

EQUATIONS FOR THE INDUCTION FACTOR 

We shall now show how to find the induction factor of a 
motor that has to fulfil certain specified conditions. 

The problem may be stated in the most general way 
as follows : Given the tension U of the line, the resistance R 
of the motor, n the revolutions per second of the motor, 
and w the rate of doing work expressed in watts, to find 
the induction factor. 

If c is the current passing in the motor when fulfilling 

the required conditions, we know that M= '. Now 

n 

w = cM?!, hence ilf = — — ^5 ^^^ we get the quadratic 







) 

There are two possible values for 1/, the one a high 
value obtained by taking the positive sign, the other a low 
value given by taking the negative sign. Of these two we 
shall select the former as giving the smaller current. 
Note that lo is the tot^l rate of working, and includes all 
torgue losses. 
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\Vlien the rate of working is given in horse-power 
^^^ equation for the induction factor may be written 

Here IF is the horse-power on the motor shaft, and n 
^he revolutions per second. 

Example 14. — A motor has to do work at the rate 
of 7 kilowatts, the tension of the line is 125 volts, the 
I'esistance of the motor is 0*06 ohm, the speed has to be 

1,200 revolutions per minute. The expression —-„- we 

find to be 0*107, and the term under the root is 
0-893. Hence the value of the induction factor is 
6*07. If a motor with this induction factor and 
the given resistance be connected to a line having a 
tension of 125 volts, it will run at 1,200 revolutions 
per minute when working at the rate of 7 kilowatts. 
By taking the negative sign inside the bracket, we 
see that a motor with an induction factor of 0*172 would 
also fulfil these conditions, so that we need some further 
information to guide us as to which value of M to 
adopt. 

We know that the current is given by iv = cMn ; from 
this equation we find that with an induction factor of 
G*07 the current would be 58 amperes, while with an 
induction factor of 0*172 it would be 2,030 amperes. 
The latter is practically impossible, though we must not 
forget that even when carrying this current the motor 
would be running at the given speed, if its resistance 
remained unaltered. 
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We shall in all cases take the positive sign, so as to 
get the greatest possible value of M and the least possible 
value of G, 

In Equation 15, n is the speed of the motor in 
revolutions per second. If the shaft of the motor is 
geared or belted to a second shaft, so that the speed 
of the former is v times that of the latter, we can 
write : — 

where n is now the speed of the second shaft, which we 
shall call the main shaft. We shall call v the velocity 
ratio. 

We should notice here that the expression —~- is un- 
altered by the introduction of gearing, since it is immaterial 
whether the work is being done directly by the motor or 
through the medium of gearing. In practice some of the 
work would be represented by overcoming the friction of 
the gearing, some by the friction of the shaft of the motor ; 
the larger part of the work, however, would be done on 
the main shaft ; the term w includes all of these. 

Example 15. — Work has to be done at the rate of 
7 kilowatts on a main shaft rotating at 1,200 r.p.m. ; the 
shaft is to be turned by a motor geared to the main shaft 
with a velocity ratio 1*3 ; the resistance of the motor is 
0*06 ohm, and the tension of the line 125 volts; to find 
the induction factor of the motor. We see at once that 
M will be less than that in Example 14, in the ratio of 
1*3 to 1, or .¥=4-67; the speed of the motor will be 
1 ,560 r.p.m.; the current will be 58 amperes, the same as 
in Example 14. 
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When the motor shaft is geared to a main shaft we 
may express the rate of working in terms of the speed and 
torque of the motor shaft or of the main shaft ; if no work 
is being done in overcoming friction in the gearing or in 
the bearings of the motor shaft, the work done on the one 
shaft is equal to the resistance overcome on the other, and 
since the motor shaft runs at v times the speed of the main 
shaft, it follows that the torque on the former is to that on 
the latter as 1 is to v. 

Hence, when a motor of induction factor M is driving 
a main shaft, on which the torque is t inch-pounds, the 

torque on the motor shaft is — , where v is the velocity ratio, 

1/ 

and the current is . ^ , ,, . This is the current in 

l*41Mv 

the motor required to overcome the torque t on the main 

shaft. In practice we shall require more current than 

this, since there is always some friction to be overcome in 

the gearing and in the motor itself. 

The main shaft may be connected to the motor shaft 
either by belting or by toothed gearing. In the former 
case V will be the ratio of the diameter of the pulley 
on the main shaft to that on the motor shaft. In the 
latter case v will be the ratio of the number of teeth in 
the toothed wheel on the main shaft, which we shall 
call the gear wheel, to the number of teeth in the 
toothed wheel on the motor shaft, which we shall call the 
pinion. 

The following table gives the numbers of teeth in gear 
wheel and pinion with the corresponding velocity ratios 
often used in railway motors. 



v* 
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Number of Teeth 


Number of Teeth 


Velocity 


in Gear Wheel. 


in Pinion. 


Ratio. 


62 


22 


2-82 


67 


17 


3-94 


69 


15 


4-60 


67 


14 


4-78 



In many cases it is convenient to be able to express M 
in terms of the torqne on the shaft to which the motor is 
geared. If t is the torque in inch-pounds on the main 
shaft, which rotates at n revolutions per second, the 
induction factor of the motor is given by 

^-2-5|'V('-2-<")l ('«)■ 

Example 16. — A motor having a resistance of 0*04 
ohm is geared to a main shaft with a velocity ratio of 4. 
The main shaft has to rotate at 5 revolutions per second. 
The tension of the line is 150 volts. Find the induction 
factor of the motor, when the whole resistance to be 
overcome is 8,000 inch-pounds of torque on the main shaft. 
The term under the root is 0*798, so that the value of 
Mis 71, The motor rotates at 1,200 r.p.m. The cur- 
rent is 200 amperes. We may check the results thus. 
Since the motor rotates at 20 revolutions per second the 
induced tension is 142 volts ; the heat drop is 8 volts, and 
the sum of these two makes up the tension of the line. 
Suppose now that we require, over and above the 8,000 
inch-pounds of torque on the main shaft, 400 inch-pounds 
of torque to turn the motor shaft in its bearings when the 
magnets are excited, and 600 inch-pounds to move the 
gearing, the torque in both cases being measured at the 
motor shaft. 

The term t in Equation 18 represents the torque on 
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the main shaft, hence in order to allow for the resistance 

to motion of the motor shaft and the gearing, we must 

increase the 8,000 inch-pounds on the main shaft by 4,000 

inch-pounds. We might, of course, reduce all resistances to 

torque measured at the motor shaft ; we should then have 

to multiply n by r. With an induction factor of 7*1, the 

current required to overcome the whole resistance would 

now be 300 amperes ; the speed of the motor would then 

be 1,170 revolutions per minute. To get the specified 

speed we must calculate the value of M again ; we find it 

to be 6*90, and the current to be 308 amperes. 

If, in any of the equations for the induction factor, the 

expression under the square root should be negative, a 

solution of the equation is impossible. This simply 

states in another way what we have already found, 

namely, that for any motor there is a certain maximum 

rate of working that cannot be exceeded. This maximum 

we found to be one fourth of the maximum possible 

1 E^ 
watts from the line, or - - ' There are three ways of 

putting the limiting condition. 

w must not exceed - -=- 

4 R 



IP must not exceed 



t n must not exceed 



2984 R 

1 E^ 
2-84 ~R 



For a given tension, the limit of lo, IP or tn depends 
upon the resistance of the motor. 

Example 17. — A motor is to work on a line having 
a tension of 500 volts. If the resistance is S-S4 o\i\sY^^\3w?i 
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maximum rate of working is 25 horse-power. If the 
resistance is reduced to 1*67 ohms, the maximum possible 
horse-power is double. 

We must not infer that a motor would be designed to 
work at its maximum possible output, for as we shall see 
later on, the eflSciency would then be very low ; we here 
simply state what are the conditions under which a solution 
of the equations for the induction factor is possible. 

For a given resistance the maximum output varies as 
the square of the tension of the line. Thus if the tension 
is halved, the maximum possible horse-power is reduced . 
to one-fourth of its former value. 

If the main shaft is provided with a driving wheel of 

diameter d inches, the whole resistance to be overcome 

can be represented by an equivalent force of T pounds at 

the circumference of the driving wheel, and we may then 

Td 
substitute - for t, the torque on the main shaft. 

First, suppose that the two shafts are fixed in space, as 
in Fig. 13, where A is the motor shaft, and B is the 
main shaft. If n is the speed of the main shaft, we may 
write 

s=z 1571 lid (19). 

where s is the velocity in feet per minute of a point on 
the rim of the driving wheel. Equation 18 may then be 
written in the form : 

M='L^M±h + a/TI^IL ^) 1 ...(20). 
vs [ V ^ 11-07 W J } 

This equation is applicable to all kinds of hoisting 
machineij. 




V 'is H 
\ ^ A 



Fig. 13 




T pounds 
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Example 18. — A motor is to be designed to work 
a lift under the following conditions. The tension 
of the line is 125 volts. The diameter of the rope 
drum is 36 inches. Worm gearing is used with a 
velocity, ratio of 60. An unbalanced weight of 1,200 
pounds has to be raised at speed of 180 feet per minute. 
The resistance of the motor is to be 0*06 ohm. A 
torque of 90 inch-pounds is required on the motor shaft to 
overcome friction. Find the induction factor of the motor. 
The frictional torque may be expressed by an equiva- 
lent pull at the rim of the rope drum. Using equation 

T = - we find that the friction maybe represented by a 

Cu 

pull of 300 pounds, so that the value of T in the equation 

for M is 1,500 pounds. We find the induction factor 

Td 
to be 6*37. The current, ffiven by c = -— is 50 

^ ^ 2-82 Mv 

amperes. 

If the two shafts are free to move in a straight line, 
while the driving wheel rolls without slipping on a rail 
parallel to AB^ as shown in Fig. 14, the torque produced 
by the motor tends to drive ii in a direction parallel to the 
rail. For the efibrt exerted by the motor can, as before, be 
represented by a force of T pounds at the rim of the 
driving wheel. Since j;, the point of contact between the 
wheel and the rail, is at rest at any instant, the moment 
of the force T acting at jj, taken about the centre of the 
wheel, is equal to the moment of a force F acting at the 
centre of the wheel taken about the point p ; it follows 
that F is equal to 1\ in other words, the efibrt exerted at 
the centre of the driving wheel, in a direction parallel to ^2^, 
is equal to the force T exerted at the rim of the wheel. 
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We can then write down the value of the induction 
factor of a motor which, when geared to a main shaft with 
velocity ratio v, will give a tractive eflfort of T pounds at 
the centre of a driving wheel of diameter d inches, E being 
the tension of the line, and R the resistance of the motor ; 
we have 

where 8 is now the velocity of the centre of the driving 
wheel, expressed in miles per hour. 

We have assumed that the whole resistance to motion 
can be represented by a force of T pounds acting at the 
rim of the driving wheel. This resistance may for con- 
venience be divided into frictional and gravitational 
resistance. The frictional resistance may be further 
divided into friction of the motor and its equipment, and 
friction of the shafts and axles driven by the motor. The 
force exerted in overcoming the latter is sometimes called 
the * useful eflfort,' though strictly the eflfort is not more 
useful than that exerted in overcoming the friction of the 
gearing. 

In Equation 21, 2^ includes all resistances to motion. 
In the case of a locomotive the frictional resistance of the 
axles of the carriages is represented by a force exerted at 
the draw bar : we may also require a force at the draw bar 
to overcome a gravitational force due to an incline. Besides 
these there will be the frictional resistance of the motors 
and their equipments. In a motor car there is strictly no 
draw bar pull, but there will be its equivalent if the car is 
ascending an incline. 

When a motor is described as capable of exerting a 
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tractive force of x pounds * available for useful efifort/ this 
does not express the whole force the motor exerts, since it 
neglects the effort exerted in overcoming the frictional re- 
sistances of the motor equipment. Thus, if a motor is 
rated at 1,000 pounds ' available for useful effort,' this 
would not be the T of our equations ; we must increase the 
given amount by the equivalent force required to overcome 
the resistances of the motor equipment. The ratio of the 
whole force exerted to that * available for useful effort ' 
is the measure of the mechanical efficiency of the equip- 
ment. 

Example 19. — A locomotive is to be designed to run 
at sixteen miles an hour while exerting a force of 3,600 
pounds at the draw bar. Two motors are to be used, 
connected in parallel and geared to the shafts of the 
driving wheels with velocity ratio of 4*78. The driving 
wheels are to be 33 inches in diameter. The tension 
of the line is 500 volts, and the resistance of the motors 
0*2 ohm each. A force of GOO pounds has to be pro- 
vided for, over and above the draw bar pull, to overcome 
the frictional and other resistances to motion in the 
locomotive itself. To find the induction factor of the 
motors. As there are two motors the load may be divided 
equally between them, giving 2,100 pounds as the value 
of T per motor. Inserting the given values of E, d, v, jR, 
and S, in Equation 21 we find the induction factor to be 
36-3. This result may be checked by finding the value of 
the induced tension. The motor will rotate at thirteen 
revolutions per second when the train is running at sixteen 
miles an hour, hence the induced tension will be 472 volts. 
The current per motor is 141 amperes, and the heat drop 
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is 28 volts, the two together making up the tension of the 
line. 

The gear wheel and the shaft B may be fixed in 
space, and the motor and its shaft A free to turn about B 
as a centre. ' This arrangement is found in swing bridges, 
turrets, and crane stages, where the gear wheel is placed 
in a horizontal plane, the turret or stage rotating about B 
as a centre, and the shaft A attached to the rotating stage 
so that when the motor turns the stage also turns. 
Equation 18 is applicable here ; the term n previously 
used for the speed of rotation of the driving wheel now 
becomes the speed of rotation of ^l round 7/, while t is 
still the resistance to motion, measured in inch-pounds of 
torque at the centre of B, In this arrangement t generally 
consists entirely. of friction. The time occupied in getting 
up speed is so large a part of the whole time of working in 
cases of this kind that we must defer further consideration 
of the problem until we have considered the question of 
acceleration. 

Equation 20 may be written in the form : 

From which we see that when the speed and the tractive 
efifort are fixed the ratio w_ is fixed. By making - large 

we can make M small ; in other words, if we are at liberty 
to adjust the values of v and cZ, we can reduce the weight 
of the motor. To get M as small as possible we must have 

- as large as possible, or v large and d small. In most cases 
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of hoisting machinery we are at liberty to select values jfor 
V and d that will give us the best value of M. Taking d 
as small as is practically convenient, we can get any re- 
quired value of V by the use of worm gearing if necessary. 
We are not here limited for space, and can make the 
gear wheel on the main shaft as large as we please. 

For instance, in Example 18 the ratio — has to be 

(t 

10*6. By the use of worm gearing we can make v=60, and 

we get M=6'37, with a rope drum 36 inches in diameter. 

If we reduce the diameter of the rope drum to 24 inches the 

induction factor may be reduced to 4*25 without altering 

any of the conditions. There is, however, a practical 

limit to the reduction of M; namely, the speed of the 

motor. In the example before us this would be 1,150 

revolutions per minute, for v=60 and cZ=36. If the 

diameter is reduced to 24 inches the speed of the motor is 

increased to 1,725; this will involve an increase in the 

velocity of the line of contact of the toothed wheels, and 

experience shows that the tendency of the gears to cut 

increases with the speed, giving us a practical limit to the 

speed of the motor. 

In railway work single reduction gearing is now 

universally used, and since there is a practical limit to the 

reduction of the number of teeth in the pinion, it follows 

that to increase the ratio - we must either increase the 

a 

diameter of the gear wheel or decrease the diameter of the 
driving wheel. We are here limited by the necessary 
clearance between the gear wheel and the ground, for the 
diameter of the gear wheel is limited by that of the driv- 
ing wheel. 
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In street railway practice the diameter of the driving 
wheel now almost universally adopted is 33 inches. 
With 14 teeth in the pinion and 67 in the gear wheel, 
we find in a well-designed equipment a clearance of 
4f of an inch between the casing of the gear wheel and 
the level of the rail. If we take this to be the least per- 

missible clearance, -j is limited to 0145. 

d 
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CHAPTER IV 

SHUNT-WOUND MOTORS 

In this chapter we shall assume that the magnets are 
excited by a shunt winding entirely independent of 
the armature circuit. We have already seen that the speed 
is given by the equation [ 

^=M-'-''w (^^)- 

When i?, M and E are constant, the speed is less than 
the maximum by an amount depending on the load. 

Example 20. — A motor with an induction factor of 
5 and internal resistance 0*2 ohm is connected to a line 
having a tension of 120 volts. With no load the speed is 
1,440 revolutions per minute. With a torque of 850 inch- 
pounds the speed is less than the maximum by 290 
revolutions. 

The term E in the equation for the speed includes all 
resistance in the circuit, not only the internal resistance 
of the motor, but also any resistance that may be in series 
with it, as, for instance, a rheostat used for the purpose 
of starting or regulating, J^ being measured outside such 
resistance. 

Example 21.— If £'=120, M = o, 11 = 0-2, the maxi- 
mum possible speed is 1,440 r.p.m. If the load is 845 
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inch-pounds, the speed will be 1,150 r.p.ni. If the 
resistance is increased by 0*8 ohm, the speed will fall to 
288 revolutions per minute. 

If the resistance be reduced suddenly, the current that 
will flow through the motor will depend upon the speed 
at which it was running before the resistance was altered. 

Example 22. — If the resistance of 0*8 ohm in 
Example 21 is taken out suddenly while the motor is 
running at 288 r.p.m., the induced tension being then 
24 volts, the current at the moment of cutting out the 
resistance will be 480 amperes. To find the speed at 
which the motor must run before it would be safe to take 
the extra resistance entirely out, so that the current shall 
not exceed, say, 150 amperes, we must use the Equation 
13, c being here 150 amperes, and R being 0*2 ohm. 
We find the required speed to be 1,008 r.p.m. ; the resist- 
ance must therefore be gradually reduced as the motor 
speeds up until it runs at this speed, when the rheostat 
may be cut out altogether. In this way we can deter- 
mine the resistance of each step of a rheostat that can 
be used with a given motor, so that the current shall not 
exceed a certain fixed amount. 

A rheostat is sometimes placed in series with a motor 
to obtain a variation in the speed. When this is done, 
care must be taken that it is not placed between the main 
terminals and the magnets if the motor is shunt wound, as 
in that case we should of course reduce the value of the 
induction factor. 

If i^i is the whole resistance in the circuit of a motor 
when running at n revolutions on a line having a tension 
of J5 volts, the current being constant and equal to c 
amperes, the whole resistance i?2 required in the circuit in 
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order to reduce the. speed to - of ti will be given by 

Example 23. — A motor of resistance 03 ohm is 
running on a line of 120 volts tension, the current being 
40 amperes. What must be the resistance of a rheostat 
in the circuit in order that the speed may be halved? 
From the equation we find at once that 1*65 ohms is 
required, of which 0*3 ohm is in the motor itself, so that 
the resistance of the rheostat must be 1*35 ohms. The 
result may be checked by showing that in the first case 
the induced tension was 108 volts and in the second 54 
volts. The current remains unaltered. 

When the load on the motor is constant, the speed may 
be altered by changing the induction factor, the 
tension of the line and the resistance remaining the same. 

7?/ 
From Equation 23 we see that when 3/= '71 -=^ the speed 

is nothing. This represents the condition when the greatest 
current that can flow from the line is only just sufficient 

XT 

to balance the torque ; the current is then equal to — . 

If we differentiate Equation (23) with respect to itf", 
and equate to nothing, we shall find that the speed is a 

maximum when iV/=2 — , the speed then being -. V 

Jii 4 ^ Rt 

E 
and the current --_. 

ZR 

In Fig. 15 values of M are plotted parallel to the 

horizontal axis and values of n and c parallel to the 

''^al axis. The speed is nothing at a. From a to b 
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Curves of 
Speed and Current 
for different induction factors 
AT Constant Load. 



Fig. 15 
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71Et 



the speed increases with the induction factor ; ob=2 



E 



1 *7 1 E^ 
at h the speed is a maximum and bd= - — — . If the 

4 Rt 

induction factor is increased beyond ob, the speed will 

diminish until, when M is infinite, the speed is nothing. 

The current curve is also plotted in the figure ; ag=- 

R 

and/6 =^1. 

From considerations of efiiciency motors are usually 
worked on the speed curve to the right of d^ where an 
increase of M involves a decrease of the speed. But it is 
easy to arrange an experiment in which the strength of the 
magnets can be varied and the motor brought to rest by 
increasing M, Care must be taken that the current when 
the speed is nothing shall not be great enough to injure 
the motor. 

The experiment should be arranged so that the load, 
when unbalanced, tends to turn the armature in the reverse 
direction. If the induction factor is reduced below the 
value oa, the direction of rotation will be changed and the 
speed will increase in the reverse direction as the value 
of M is reduced. When M is nothing, the speed will be 
infinite, the current will also be infinite. 

In practice the load on the motor is generally incapable 
of reversing the motion, so that if the induction factor be 
reduced to nothing, the speed would tend first to increase, 
and then to decrease to nothing, the current meanwhile 

increasing to its final value - ; the safety fuses would of 

course prevent so large a current from passing. 

T'he values of the speeds for 3Aff6te>Titmd\Lction factors 
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iave been plotted in Fig. 19 on a base of current in 
tie armature, bj' a method that will be described 
^ater on. 

If the induction factor remains constant, the speed 

^^U diminish as the load increases. If we wish the speed 

to remain constant, we must arrange that the induction 

fiictor shall vary so that the effect due to the increased load 

is counterbalanced. 

Motors are usually worked under conditions when a 

^^crease of M involves an increase of the speed ; when this 

18 so, we must arrange that M shall decrease with an 

iiicrease of the load. This we can do by winding round 

^*^© magnets a circuit that shall carry the whole or part of 

^'le main current, so that as this increases it shall produce 

^ magnetisation of contrary sign to that of the shunt 

winding. The motor is then said to be compound 

Wound, and the series winding, as it is called, acts in 

opposition to the shunt winding. 

Example 24. — A motor with an internal resistance 
of 0*13 ohm has to run at constant speed of 1,500 r.p.m., 
on a line of 125 volts tension. The maximum current is 
150 amperes. At no load the induction factor has to be 5, 
while at full load it has to be 4*28. If we have the in- 
duction curve, and know the number of turns in the shunt 
winding, we can at once see how many turns carrying the 
maximum current are required to reduce M to its proper 
value at full load. If the induction curve is straight 
between the maximum and minimum values of 3/, the 
speed will be constant at all loads. If, as is usually the 
case, it is concave to the current axis, 3/ will be too high 
for medium loads, and the speed will consequently be too 
low. 
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In many cases the reduction of M due to armature 
reaction may of itself compensate for the falling off of 
speed due to the heat drop, without the use of series 
winding. Hence a motor in which M decreases, as 
the armature current increases, will give better speed 
regulation than one in which M remains constant at all 
loads. 

Example 25. — If the high-tension dynamo of Fig. 9 
has an armature resistance of 8 ohms, it will run at 
772 r.p.m, at no load on a 900 volt circuit, and at 784 
r.p.m., with a load of 9 amperes. 

Equation 23 gives us the change in the speed of a 

motor when the tension of the line is varied, the 

induction factor and the resistance remaining constant. 

If the load is constant and incapable of reversing the 

/?/ 
motion, the speed will be nothin^y until E ^ 'T\~~, As 

M 

E increases, n will increase, the relation between the two 

being represented by a straight line such as a Z? in Fig. 16, 

Rt 
where oa = •71- V Since the load is constant, the cur- 

rent is also constant. 

Variations in the speed consequent upon 
changes in the Yalueof ^may be investigated experi- 
mentally by connecting the motor through a rheostat to a 
line of constant tension. The resistance should be adjusted 
so that the motor runs at a certain measured speed ; the 
current and the tension at the terminals of the motor 
should be noted. The resistance should then be altered, 
the load being adjusted so that the current remains 
constant. Since the tension at the terminals of the 
rheostat is equal to the product of the current and the 
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resistance, and therefore varies with the resistance, the 
tension at the motor terminals will be altered by altering 
the resistanr^e ; we shall thus be able to vary the tension at 
the motor terminals, and observe the corresponding speeds. 




Diagram of Spe:e:o 
for dlfferewt tensions 
AT Constant Load. 

Fig. 16 



If the torque is increased but kept constant during the 
^^axiges in the tension, we shall obtain a relation between 
^ ^nd n given by a'V in the figure, a'b' being parallel to 

^^ the intercept oa being equal to *71-nri-5 where t' is the 
^^>v torque. Thus if the loads are kept co\\^Va\i\i Qixmrk.^ 
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the changes of E, the speed curves are parallel to o: 
another. If the induction factor is altered as well as 
load, the speed curves will be differently inclined to 
axis of speed (see Fig. 19). 

We shall now consider the conditions of motion wli^^ 
the load is a function of the speed. Suppose th ^^t 
the resistance to motion increases with the speed, and tla^^-^ 
it can be i-epresented by a curve, where vertical ordina'b^s 
represent the speed in revolutions per second, and who^<^ 
horizontal ordinates represent the torque resisting -fcfa-e 
motion. 

For uniform speed the torque due to the currox:it 
assisting the motion must be equal to the torque resisti^ti^S 
the motion. Hence there will be a certain speed at whi^^-'^ 
the motor must run when it is carrying a certain currex^.'*' 
For, if M is constant, a given current means a giv^^ 
assisting torque ; and there is only one spieed at wh.i^^" 
the motor can run for that torque. If the speed ^® 
greater than that given by the curve, the resisting torqi^^*-® 
will be greater than the assisting torque due to the curren '^' 
and the motor will be retarded, and if the speed is lei^' ® 
than that given by the curve, the resisting torque will b -^^ 
less than the assisting torque, and the motor wil ^ 
accelerate. 

If we place such a motor in series with a circuit \v^^ 
which the current varies, the speed of the motor will^ 
depend upon the current. The motor would then act as 
a current meter, and the total revolutions at the end ol 
any time would depend upon the current that had been 
passing during that time. If the curve of torque and 
speed is straight and passes through the origin, the speed 
is proportional to the current. In practice it is not> 
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possible to make the curve straight nor to make it pass 
through the origin. 

l^tf is the torque required to overcome the initial 

friction, an initial current Cf=: '71 -^ will be required to 

start the meter. If n^ and n^ are the speeds for currents 
Ci and C2, we shall have, assuming the torque curve to be 
straight, 

n^ ^ c,--c/ ^25). 

For example, suppose that the curve is straight and 
^^clined to the axis of current or torque at an inclination 
^^ 1*98, i,e. the ratio of any vertical ordinate, in terras of 
^^Volutions per minute, to the corresponding horizontal 
^J*clinate, measured up to the point where the curve cuts 
^h© current axis, in amperes, is 1*98. Suppose, also, that 
^te starting current is 0*2 ampere. When the current is 
'^ amperes the speed is 5*55 r.p.m. ; if the starting current 
^ere nothing it would be 5*95 r.p.m., the meter is there- 
fore running 6*7 per cent, too slow. When the current 
^s 15 amperes the speed is 29*3 r.p.ra., it should be 
29*7 r.p.m., the meter is now running 1'3 per cent, too 
slow. We see then that the accuracy increases with the 
total current. 

Curves for three types of current meter are given in 
Fig. 17. The curves in the figure give (1) the speed, and 
(2) the ratio of the speed to the total current, both on a 
base of total current. In the Hookham meter the starting 
current is 0*2 ampere, and the maximum current 25 am- 
peres. In the Perry meter the starting current is 0*25 
ampere, the maximum current 20 amperes. In the 
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Thomson meter the starting current is 0*1 1 ampere, the 
maximum current 10 amperes. The curves are obtained 
fix)m data given by Mr. G. W. D. Ricks, in a paper read 
before the British Association, August 1897 ; see the 
' Electrician ' of August 27, 1897. 

If the torque curve is not straight, a further error 
will be introduced, tending to make the meter run slower 
or faster according as the curve is concave or convex to 
the current axis. In all these meters the curves are con- 
cave to the current axis, and for small speeds the error 
due to the starting torque is the greater of the two. For 
Wgh speeds, when this error is very small, the error due 
^ the bend of the curve becomes apparent, and the 
accuracy curve turns down again. 

Hitherto we have supposed ikf to be constant. If M 
^^ries, the speed will depend on the product of M and c, 
®^ that if c is fixed and M increased, the speed will 

■ 

Increase with Jf, or if both c and M increase, the speed will 
^Crease with their product. 

If the magnetising coil is wound as a shunt across the 
^^in line terminals of the circuit in which the current is 
^^Wing, the current in the shunt will be proportional to 
^*^e tension, and if the magnetic circuit contains no iron 
**^e induction curve will be a straight line, i,e, the value of 
^ will be proportional to the tension, hence the speed will 
^^ proportional to the watts in the circuit. This is the 
Principle of the Thomson mratt-meter. For a given 
Current the speed increases directly in proportion to the 
tension. 

We shall now consider the case when two dynamos 
are mechanically coupled so that they rotate at the 
Same speed, and have their main terminals connected in 
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parallel to the same line. The magnets should be shunt 
wound and separately excited, and provided with rheostats 
so that the induction factor of each dynamo can be ad- 
justed to any desired value and kept constant. The 
connections will be made so that the dynamos tend to turn 
in the same direction when both are acting as motors. 

We have further to suppose that by means of a 
pulley fitted on to one of the dynamo shafts and con- 
nected by a belt to a third dynamo, or by simply coupling 
a third dynamo direct on to the shaft line, we can produce 
a load of any required amount or of any required sign ; in 
other words, we suppose that we can vary the mechanical 
torque on the shaft, making it either positive so that the 
dynamos have to act as motors, or negative so that they 
act as generators. Any arrangement will act provided 
the motion can be assisted or retarded at will. 

The two dynamos may be distinguished by the letters 
.1 and 7?. Suppose that dynamo A has an induction 
factor of 6 and a resistance of 1*2 ohms, and that dynamo 
7? has an induction factor of 4 and a resistance of 109 
ohms. Let the tension of the line be 1 20 volts. 

Set oflFafe in Fig. 18 equal to 100 amperes, the maxi- 
mum current in A, Set off arZ equal to 110 amperes, the 
maximum current in H, Let af represent 1,200 r.p.m., 
the speed of A when its induced tension is equal to the 
tension of the line. Let cuj represent 1,800 r.p.m., the 
speed of B when its induced tension is equal to the ten- 
sion of the line. Join fh and c\d. These will be the speed 
curves of the two dynamos on a base of current in the 
armature. 

Since the dynamos are mechanically coupled, we can 
at once find from the diagram the current that each is 
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tailing for iiuy givpn Hpeed. When the speed is nothing, 
the currents are 1 00 and 1 i^U amperes. When the speed is 
1,200 r.p.m. the current in A is nothing, and that in 11 ia 
3G7 amperes. When the speed is 1,800 r.p.in. the cur- 
rent in. Jl ia nothing, and A is now generating a current 
of 50 amperes. If the speed ia above 1,800 both dynamos 
are acting as generators, if it is below 1,200 both are 
acting as motors, between these speeds A is acting an a 
generator and B as a motor. 

If horizontal lines are drawn through ij and fto cut 
the two speed curves in /■■ and li, and if a line is drawn 
through the points /' and I; this line is the oom- 
bined speed curve, and will give the speed for any 
current from tlie line. The horizontal ordiuates of this 
curve represent the current from or into the line. 
Where the combined speed curve cuts the axis of speed, 
the current from the line is nothing, and the current 
from A is the same as that into B. 

Now let litj represent the torque in A for a current of 
ab amperes, and let h^i repi'esent the torque in S for the 
same current ; these distances will be related to one another 
in the ratio of tli&two induction factors. Join aq and rep, 
and produce in both directions. These lines will then be the 
torque curves for the two dynamos, on a base of amperes. 

' From k draw a vertical line to cut the torque curve of 
A in the point r. Then since at the speed n'j there is no 
cnrrent in B, the oi-diuate of the torque curve of .4 at r 
represents the combined torque of the two dynamos, and 
hence r is a point on the curve of combined torque, 
the horizontal ordinates of which would give the current 
from or into the line. A second point on this curve may 
be found by drawing a vertical line from // t« cut the 
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tx)rque curve of B in s. Here there is no current in yl, 

and B is doing all the work, hence s is a point on the 

combined torque curve. Join rs and produce it. This line 

will give the combined torque for any current, from or 

into the line. 

The curve of combined torque cuts the speed axis 

at a point u, below the origin, indicating that when the 

current from the line is nothing, a small negative torque has 

to be supplied to assist the motor and maintain the current 

in the two dynamos. Since the current in each dynamo is 

1 ., .. E—M„n E—Mi,n , 

here the same, we can write — ^- = — ^ — —, where 

R^„ Rf, are the two resistances, and M,„ il/^ the two induc- 
tion factors, E the tension of the line, and n the speed in 
revolutions per second. Solving this equation, we have 
for the speed when the current from the line is nothing 

n=E -^'^^J^" _ (26). 

Inserting the given values for R and ill, we find that 

the speed av in this case is 1,452 revolutions per minute. 

E 
If R..=zR. n=, --— — — . Hence two coupled 

motors with equal resistances and unequal induction 
factors behave as a single motor with an induction 
factor equal to the mean of the two induction factors. 

Knowing the speed, av, we can find the induced 
tension in each dynamo. Using the equation e = Mn, we 
see that the induced tension of A is 145*2 volts, and of B 
is 96*8 volts. The induced tension of A, now acting as a 
generator, is considerably greater than that of the line, 
which is 120 volts, while the induced tension of B^ixo^ 
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acting as a motor, is less than that of the line ; both, however, 
are of the same sign, since both oppose the tension of the 
line. -4, however, sends as much current into the 
line as B takes from the line, with the result that 
no current passes either from or into the line, but a current 
circulates in the two dynamos. 

When there is no current passing into or out of 
the line, the current in each motor may be written 

c= -""> * . Using the value of n in Equation 26, we 

may express the value of each current thus : 

M —M 

'-''rji.+rX. ^ ^' 

Now the torque at this point is the difference between th 
torques on the two motors, of which one assists and on 
resists the motion, and may therefore be written 

^=1-41 c (M,-^M,) (28). 

Substitute for c, and we have 

/— —I'll 7? (^g — ^b) /c>Q\ 

In our example this torque is 60 inch-pounds; this 
will be the torque at which no current is passing from 
the line, and when the current generated by A is the 
same as that passing through B. 

The current may also be found by dividing the 
difference between the two tensions, namely, 48*4, by the 
sum of the two resistances, 2*29, giving us a current d' 
21*2 amperes. This may be checked by comparison with 
the diagram . 
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The expenditure of energy due to this current passing 

ifl the two dynamos can be calculated, since we know the 

^sistances. We find that the O^ll loss in .1 is 538 watts, 

and in B is 489 watts, making a total of 1,027 watts. 

-^his loss has to be made up by the mechanical input 

^^presented by the torque, and given by the intercept au 

^t' the curve of combined torque on the speed axis. 

If in the equation for the torque / = 1'41 cM we put 

'^r 3/ its equivalent , we can write this equation thus, 

n 

^ ^==l*il -, where w is the mechanical watt output or input 
n 

^Cicording to sign. Inserting the values of iv and n as 
"*^^^und above, we find the corresponding torque to be 
^0 inch-pounds. 

The required torque may be determined in yet another 
^Way. The torque in A, due to 21*2 amperes when 
"tlie induction factor is 6, is 179*5 inch-pounds ; this torque 
'i^esists the motion. The torque in B, due to the same 
Current, when the induction factor is 4, is 119*5 inch- 
pounds ; this torque assists the motion. For uniform 
motion the assisting and resisting torques mast be equal, 
so that we require a torque of 60 inch-pounds to assist the 
motion, and this must be supplied from some external 
source. 

The assumption has been made that the only torques 
to be considered are those due to the currents passing in 
the two dynamos, and that if the difference between the 
assisting and retarding torques be supplied from outside 
we shall have uniform motion. In practice we cannot 
run two dynamos- in this manner without experiencing 
a further resisting torque, due to the friction in the 
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i. hysteresis, &c. If, then, the torqne supplied to 
such an arrangement proves by measurement to be greater 
than that required to make up the difference between the 
assisting torquf of the current in B and the resisting 
torque of that in .1, the amount by which it is gi-eater 
represents the torque lost in friction, &c., in the combina- 
tion. This will be considered further when we come to 
discuss the application of these principles to the testing of 
dynamos. 

When the resistances and induction factors of two 
dynamos aire given, and also the tension of the line, we see 
that there is a definite speed at which they must run in 
order that the cniTeiit generated by the one shall be equal 
to that received by the other; so that our arrangements 
for the experiment must admit of the machines being run 
at the required speed. When this is done the current 
from the line will be nothing, and will remain nothing as 
long aa the speed remains constant. If the speed be 
increased some current will pass into the Vine, while 
if the speed be decreased current will be received from the 

Let US now suppose that the torque supplied from the 
external source be removed altogetlier, and that the torqne 
lost in friction is nothing. We shall find that a current 
will pass from the line in aiuoont equal to the intercept 
uv, where the current axis its cut by the curve of combined 
torque. At the same time the speed will fall off, the new 
speed being found by the vertical ordinate of the combined 
speed curve dnnvn through the point c. 

Since no torque is supplied from outside, the 
assisting torque of B must etiual the resistinjr torque of .1, 
hence tbp currents in the two dynamos nnjst lie related to 
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one another in the inverse ratio of their induction 
factors. 

Further, the whole expenditure of energy in the form 
of heat must be supplied by the curr«mt from the line. So 
that we have the equation 

JE(c,-c,) = c„2i4 + c,;i^. (30). 

Where c« and c^, are the currents in the two motors. 
Substituting the value of c^ in this equation we have 

While the difference between c^^ and c^,, i.e. the current from 
the line, is given by 

c^eJ^^-zMiI. (32). 

Inserting the given values of E, iV, and II in these 

equations we find that the current from the line in this 

case is 8*2 amperes, the current in A is 16-5 amjDeres, 

M 
and that in j5 is — - x 16*5 or 24*7 amperes. 

The reduced speed may be found by considering the 
feet that the induced tension of A^ minus the heat-drop, 
niust be equal to the tension of the line, and thus equal to 
the induced tension of B plus its heat-drop. This may be 
stated as follows : 

?ii¥^-c,B^ = 7ix¥,-|-cA (33). 

From this equation we deduce the value of n in terms 
of the current in A : 
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Inserting the value of c„ as found above we get 






Using the given data, the new speed appears to be 
1,398 r.p.m., so that when the external torque is removed, 
the speed is reduced from 1,452 to 1,398 revolutions per 
minute. 

These results may be checked by equating (1) the 
torques in the two dynamos, (2) the watts from the line 
and the sum of the heat watts in the two dynamos, (3) the 
effective tension and the product of the resistance and 
the current in each dynamo. 

When two dynamos coupled in parallel are both 
intended to act as motors, the speed of the combination 
will be determined by the load or torque on their common 
shaft, or by the total torque when they are connected by 
some mechanical arrangement, as for instance when two 
motors are driving one railway car. 

For a given total torque each motor will take its own 
share of the load ; the amount of the torque taken by each 
motor can be ascertained from the diagram. Suppose, for 
example, that the total torque is 273 inch-pounds. Set 
this off on the curve of combined torque and draw a 
vertical line to cut the combined speed curve ; this gives 
the speed. Then draw a horizontal line to cut the torque 
curves of A and 7?, the intersections give the current 
passing through each dynamo ; in this case A is taking 5 
amperes and B is taking 41 amperes. From these inter- 
sections draw vertical lines to cut the torque curves of A 
and 7?, this will give the torques of the two motors, 42 
inch-pounds and 231 inch-pounds respectively, the sum 
^'wg up the total torque. T\ie ^>3\ATm\o A.,Wq\xi% 
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the larger induction factor, will take the smaller current 
for all loads until the currents in the two dynamos art* 
equal. The torque at this point is negative, and is given 
by Equation 29. 

If the combined torque increases negatively, i.e, still 
further assists the motion, A will carry more current 
than B, The torque at which B ceases to act as a motor 
is given by 

«=-l-uf/^W-J/„) (3G). 

In our example this is 423 inch-pounds. 

For heavy loads the dynamo with the larger induction 
factor will do more work than the other, since the torque 
is greater though the speeds are the same ; as the total load 
diminishes, the distribution of the load between the two 
motors becomes more uniform. There is a certain load 
at ivhich the tivo dynamos have equal torques, 
and consequently are working at the same rate. 
The torque at this point can be readily found. 

Since the currents in the two machines bear to one 
another the inverse ratio of their induction factors, we can 
write: 

From which we deduce the speed, 






^b^^-^a ■*-*^a-' 



The currents in the two machines may be written respec- 
tively : 

u M — M 2 If 2_ If ir 



B,M,^^liJl,^ '' R,M,?^R,M, 



2" 

G 
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Taking now the sum of the two torques, we find that 
the total torque becomes 

t = 2-82E^^"^^-':^-±^" (40). 

In the example illustrated in the diagram the speed at 
this point is 626 r.p.m., c^ is 48 amperes, c^ is 72 amperes, 
the total current is 120 amperes, and the combined torque 
812 inch-pounds. 

When the total torque is less than that given by 
Equation 40 the dynamo with the larger induction factor 
will do less work than the other, until at a certain load it 
will do no work at all, and all the work will be done by 
the motor with the smaller induction factor. 

The torque for which one motor is doing all the 
iHTork may be found by considering the fact that at this load 
the induced tension of the other motor is equal to that of 
the line. Hence we can write : 

Ma M, ''iV ^ ^' 

From which we find the required torque to be 

F AT 

In our example this torque is 207 inch-pounds. 

It has been assumed that when one of two coupled 
motors is generating a current, the other is in danger of 
being burnt out at heavy loads, on the supposition that 
it would have to do all the useful work and also drive 
the second motor as a generator. In practice it will be 
found that it is only at light loads that one of the two 
motors will act as a generator, t\v^ effect of an increase 
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in tie total load being to equalise the tonjues and con- 
sequently the currents in the two motors. 

When two dynamos are coupled mechanically so as to 
[ run at the same speed, and are connected electrically in 
parallel on the same line, we have seen that it is poissible 
to run them under such conditions, that there is no current 
passing either into or out of the line. In this condition 
the internal losses of the dynamos are made up by the 
Mechanical energy put into the combination. 

If we know the resistances of the two machines, and 

Measure the current passing between them, then the torque 

^^put is given by the consideration that the mechanical 

^9^ivalent of the heat loss is equal to '71in, or c^ (it,, + i4). 

^i^oin this we can write down the torque required to make 

^"P the heat losses at any speed. If now the tonjue 

^^^put is measured and proves to be greater than that 

^^^icated by the above expression, we know that the 

^^flference represents the torque in the two dynamos lost 

^^ friction, hysteresis, &c. We have thus a method of 

^^ding out what these losses amount to. 

Take the case already considered and illustrated in 

*^ ig. 18. Since the resistances of the two dynamos are 1*2 

^ixd 1*09, and their induction factors 6 and 4, we have to 

^Un the combination at 1,452 r.p.m. to make the current 

from the line nothing; the current in each dynamo is then 

2l '2 amperes. Using these values we found that the torque 

required to make up the heat loss was 60 inch-pounds. 

This is the torque input on the assumption that the 

only losses to be made up are the heat losses ; if, however, 

there are frictional and other torque losses as well, 

the torque input must be greater than 60 inch-pounds ; 

suppose that we found it to be 80 iiie\i-Tpri\x\id%^\i\v^w^vi 
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should know that the frictional losses in the combination 
were equal to 20 inch-pounds. 

Since the current from the line is nothing we might 
disconnect the line altogether without making any 
change in the conditions. We have here Hopkin- 
son's method of testing dynamos. See 'The 
Electrician/ March 12, 1886, and the 'Proceedings of 
the Institution of Civil Engineers/ Vol. LXXXIII. p. 
235. This method consists in mechanically coupling two 
similar dynamos, their common shaft being provided with 
a pulley. The two machines are driven by a belt, the 
power transmitted being measured by a dynamometer. 

Suppose that a test of a generator has to be made, the 
conditions being that it has to run at a given speed and 
give out a certain current at a certain terminal tension. 
First we must arrange to drive the combination at the given 
speed and to keep it constant throughout the test. Then 
we must adjust the induction factor of the motor so that 
when the combination is running at the specified speed, 
we shall have the proper current passing in the two 
dynamos. When this is the case, the belt and the motor 
together will be driving the generator, and the power 
transmitted by the belt will represent the heat and torque 
losses in the two machines. Knowing the terminal ten- 
sion, the resistance of the generator, and the speed n at 
which it has to run, we know the induction factor, 
call this M,^. Then the difference between the two induced 
tensions is the effective tension and equal to the product 
of the current into the sum of the two resistances, so 
that il/ft, the induction factor of the motor, is given by 



M'' = M„-'-^^'"'^^'^ (13). 

n 
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If then the combination be driven at the proper speed, 
^^'^^ generator will give the specified current at the specified 
^ fusion. 

Example 26. — A generator has to be tested under 
tie following conditions : The speed is to be 780 r.p.m., 
the current 350 amperes, with a tension of 110 volts on 
the brushes. The resistance of the armature is 0*01 ohm. 
The induced tension of the generator must be greater 
than the tension at the brushes by the amount of the heati- 
drop, which is 3*5 volts at 350 amperes. Hence we have 
113*5 volts as the induced tension, giving 873 as the 
induction factor of the generator. Inserting this value 
in Equation 43, we find that the induction factor of the 
motor must be 8'19. From Equation 29 we see that 
the torque required to make up the heat loss is 266 
inch-pounds. Suppose that the dynamometer reading 
showed a torque input of 716 inch-pounds, it would 
follow that there were friction al losses to be made up, over 
and above the heat losses, amounting to 450 inch-pounds 
of torque. On the assumption that the two machines are 
in all respects similar, we may then say that the frictional 
and other torque loss in the generator is 225 inch- 
pounds. 

Since the two induction factors are not equal it is not 

strictly accurate to divide the torque losses equally between 

the two dynamos. We see that in this case the induction 

factors are respectively 8*73 and 8*19, showing that there 

is a difference in the magnetic condition of the two 

machines. The difference between the induction factors 

for a given speed and current in the generator increases 

with the resistance in the two dynamos. 

This method is of course e([ually applicable to the 
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^^B testing of a motor which has to comply with specified 

^H conditions 

^f Example 27. — A motor has to be tested while mn- 

ning at 900 r.p.m. on a line of 125 volts tension, the 
torque on the motor shaft being 3,150 inch-pounds and 
the resistance of the motor 0-015 ohm. A second dynamo i| 
is provided similar in all i-especta and having the same j 
resistance aa the motor to be tested. Equation 1 8 gives I 
us the value of the induction factor of a motor running ] 
on a line of given tension, with a specified torque, and at 
a given speed. From this equation we find the value of 
the induction factor of the motor to he 8'06 ; it will then 
be taking 278 amperes. Using Equation 43 we find the 
induction factor of the generator to be 8'616. The torque 
required to make up the heat loss will be 218 inch- 
pounds. If the dynamometer indicates 600 inch-pounds, 
there is a torque loss in the motor of 191 inch-pounds. 

Eeturning now to thei original arrangement where 
two dynamos are connected in parallel on a line of constant 
tension. We found that when tlie resultant torque on 
the shaft was nothing, there was a cnrrent passing from 
the line representing the energy required-to make up the 
heat losses in the two machines. The current then 
passing in the motor is greater than that in the generator 
by the amount of the current from the line. If there is 
no other loss than that due to heat, the current from the 
line will be given by Equation 32. If, however, there 
are losses due to friction, hystereefe, &c., the line current 
will be greater than this, and the difference will represent 
tliese losses. We hiive here a modification of Hop- 
Idnson's method of testing, namely one in which the 
■asured electrically. 
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Example 28. — A tour-pole lighting generator is 
to be tested under the following conditions : The speed 
is to be 75 r.p.m., the current 800 amperes, with a tension of 
250 volts at the brushes. The resistance of the armature 
is 000585 ohm. The heat-drop at full load is 1-7 volts. 
Hence the induced tension of the generator must be 25 I -7 
volts, and the induction factor is therefore 203*7;3. 'I'he 
generator will then be giving out 800 amperes, and there 
will consequently be a torque of 229.700 inch-pounds on 
the coupling between the two dynamos. We have now to 
find the induction factor of the motor ; assuming there are no 
torque losses, it has to deliver 229,000 inch-pounds of torque 
to the generator at 75 r.p.m., the tension of the line being 
250 volts. Inserting these values in F]quation io, and 
^suming the resistance to be the same as for the gene- 
rator, we find the induction factor of the motor to be 19 (J. 
■^ogive the required torque the motor will then draw 8ol* 1 
amperes, 800 of which will be supplied from the generator 
and3M from the line. 

The results may be checked thus : 

Watts supplied from the line, 81-1 x 250 . 7,775 
Watts lost in heating the generator, 800- x -00585 . 3,744 
Watts lost in heating the motor, 831-1- x -00585 . 4,040 

Total watts lost in heat . . . 7,784 

The difference is due to the limits of the accuracy of 
^^^ slide rule. 

Suppose, now, that the current from the line as actually 
^^asured is 91 "6 amperes; we must deduct ']S'6 amperes 
^^^ the heat losses, as the current in the motor is now 
°^1*6 amperes, leaving 58 amperes for the torque losses 
^^ the two machines, or if divided equally between them, a 
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torque loss of 7,240 watts in the generator. If expressed 
as torque, we find that it amounts to 5,800 inch-pounds. 
(Compare the results of tests of a 200 k.w. generator at 
the Nice Central Lighting Station, described in the 
'Industrie Electrique' for October 10, 1896, where the 
losses were given as follows : c^JS loss, 3*75 k.w. ; hysteresis 
and eddy loss, 7*83 k.w.) 

When two coupled motors with constant induction 
factors have their armatures connected in series, the effect 
is as if there were one motor with an induction factor 
equal to the sum of the two. Thus two motors with 
induction factors of 6 and 4 placed in series will act as a 
single motor with an induction factor of 10, fhe resistance 
being the sum of the two resistances. 

We have already seen that when two motors are 
connected in parallel, the combination acts as one motor 
with an induction factor equal to the mean of the two 
induction factors if the resistances are equal. Hence we 
have the following possible combinations of two 
motors, enabling us to get as many different speeds as 
there are combinations. 

Let the induction factors be 6 and 4 respectively, the 
resistances equal, and the tension of the line 120 volts. 

1. ^ only ; maximum speed 1,200 r.p.m. 

2. B only ; maximum speed 1,800 r.p.m. 

3. A and ]^ in parallel; maximum speed 1,440 r.p.m. 

4. .1 and J^ in series ; maximum speed 720 r.p.m. 
In this way we can get four different speeds by 

connecting up two motors in four difff-raMtaHcavR, If the 
induction factors were 3 and 5 we >eeds of 

600, 860, 1,200, and r.p.m. :)f IjjH 

volts. 

1 
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If the torque load on the combined shaft is constant, 
t^te current from the line will be inversely proportional to 
the combined induction factor. Thus, in the case of 
the motors having induction factors of 6 and 4, if the 
current with Mr=4 is 100 amperes, the other currents 
w^ould be 80, 67 j and 40 amperes. 

Hitherto we have supposed that the two motors were 
coupled mechanically so that they were obliged to rotate 
at- the same speed. We shall now consider the case when 
the motors are at liberty to rotate at different 



To fix ideas, suppose that the two motor shafts are in 
lirxe, each fitted with a' bevel wheel, facing the other, and 
g'earing into an intermediate wheel, the axis of which is 
at; right angles to the line of the motor shafts and free to 
restate in a plane at right angles to that line. Such a 
lEi^hanism, for instance, as is used in the Aron current 
n^^ter. 

The two motors are now free to rotate at different 
si>^ed8, and the angular speed of the intermediate shaft 
^ Spends on the mean of the two speeds if they rotate in the 
^^^Xne direction, and on the difference if they rotate in 
^T^I)osite directions, and is measured by the number of 
^^ volutions per second that it makes in the plane at right 
^^^gles to the main line of shafting, and not by the revolu- 
tions around its own axis. If the motors rotate at equal 
*l>eeds in the same direction the intermediate shaft will 
Rotate at the same speed as the two motor shafts. If the 
Motors rotate at equal speeds in opposite directions, the 
^^termediate shaft will not move. 

The action of the motors may be determined graphically. 
Ill Fig. 19 take n^/ to represent the maxiuvi\u\ cv\vv<^\\t 
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from the line through one motor, say 100 amperes. 
From any point h set off distances to represent values of 
the induction factor. From a set off distances to represent 
the speeds, on any given tension, for different values of 
M. Thus if the speed for an induction factor of 4 is 
represented by af, the speed for M= 8 will be one half of 
a/, and for M=^2 twice af. For convenience, the scale of 
speeds thus constructed has been continued horizontally, 
the upper portion of the scale being cut off. 

Suppose that motor A has M= 4 ; join ac ; then ac is 
a torque curve, since the torques are proportional to the 
currents. Let the torque load on A be represented by dh ; 
the current in A is then ah amperes. Join fg^ this is the 
speed curve for A, since af is the maximum speed of A. 
Continue hd to cut fg in e, the speed of ^ for this load is 
then given by eh. 

Now in the arrangement that we have described the 
torque on the two motor shafts must be the same if the 
diameters of the three bevel wheels are equal. Hence 
if the resistance of the second motor, B, is the same as 
that of A, its speed for any load will be found by a similar 
construction as for A, taking into account the difference of 
the induction factors. Suppose that for B we have M=6. 
Join vg ; this will be the speed curve of B. Take pr equal 
to hd cutting ak in ^9, produce rp to cut vg in s. The 
current in B is r//*, and the speed of B is rs. It A and B 
are rotating in the same direction, the angular speed of the 
intermediate shaft, C, will be the mean between rs and eh. 
If .1 and B rotate in opposite directions the speed of G 
will be equal to the difference rs and eh. 

By taking different values of M we can find a series ot 
points giving the speeds of one motor at any fixed load ; 
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these points He on a curve passing through a and g. In 
the figure four such curves are taken for loads of 8, 10, 15, 
and 20, the load on A represented by hd being taken 
as 15. 

For any given load on the intermediate shaft, the loads 
on A and B will be equal, and half of that of G, so that 
the numbers on the curves may be taken to represent the 
loads on the intermediate shaft, assuming all three wheel 
diameters to be equal. 

Suppose that the motors are rotating in opposite direc- 
tions. We can at once see from the diagram what the 
values of the two induction factors must be to get any 
required speed of the intermediate shaft for any given 
load. Let the induction factor of -4 be kept constant 
at M=:6, with a constant load on each motor represented 
by 15. If the induction factor of B is greater than 6, B 
will run slower than A by an amount given by the 
diagram. If the induction factor of B is less than 6, B 
will run faster than A, the speed of the intermediate shaft 
can thus be increased or diminished, and its direction 
reversed, simply by altering the induction factor of B. 

The speed of .B is a maximum when ilf^3*4 ; if ^ 
is reduced below this value the speed diminishes, and 
therefore also the speed of C; when M=2'S the two 
speeds are again equal, and a further decrease in the 
value of M will cause the rotation of (7 to be reversed. 
When B has reached its maximum speed we may increase 
the speed of G by increasing the induction factor of A. 

The student should compare the curve of speed with 
constant load and variable induction factor plotted on a 
base of current as in Fig. 19, with the curve of speed 
plottftfl nn a base of induction factor as in Fig. 15. 



t'H. IV 8HUNT- WOUND MOTORS 93 

An electric steering gear has been made on this prin- 
ciple by the Union Electricitats Gesellschaft, a descrip- 
tion of which may be found in the * Elektrotechnisclie 
Zeitschrifit/ 1897, No. 5. Two multipolar motors are 
connected by a differential driving gear to the main shaft 
operating the rudder, in such a way that when rotating 
at equal speeds in opposite directions they communicate 
^0 motion to the main shaft. The two armatures are 
connected in parallel, and the magnets in series w^ith one 
another : a rheostat is placed in parallel with each magnet 
circuit. When the main shaft has to be moved, the 
induction factor of one motor is increased, and of the other 
IS decreased, by altering the resistance in the rheostats 
10 parallel with the magnets. 
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CHAPTER V 

SERIES-WOUND MOTORS 

When the magnets of a dynamo are connected iB 
series with the armature, the induction factor will 
vary with the current. In Fig. 20 distances measured 
along oh represent current in the armature, and also in 
the magnets. We will take 500 volts as the tension of the 
line, 5 ohms as the resistance of the motor, the maximum 
current being thus smaller than 100 amperes. Let the 
distance 01 represent 100 volts, 10 amperes, 100 r.p.m., 
1,500 inch-pounds of torque, and an induction factor of 15. 
Let oa represent the tension of the line, ob the maximum 
possible current. Join ha, and produce it. We shall call 
ha the loss line, since the intercept kc of any ordinate 
between it and a horizontal line through a gives the volts 
lost in heat. On oh construct the induction curve. Thus, 
if for a current of 70 amperes, the induction factor is 
67*5, we must set up on the point representing 70 
amperes in the armature, a vertical distance equal to 
i'b inches, and this will be a point on the inductioti 
curve. 

If there is no residual magnetism the induction fact^t 
is nothing when the current is nothing. When tt*-^ 
current is reversed the induction factor will also l^ 
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reversed, the curve below the axis being similar to that 
aljove it. Construct the revereed induction curve. 

The product of the current and the corresponding 
induction factor gives us the torque, which can be 
plotted on the current base on the given scale. Thus for 
the maximum current of 100 amperes the torque is 9,720 
inch-pounds, set this off at the point h ; this will be a 
point on the curve of torque on a base of current in the 
dynamo. Construct the rest of the curve. 

We shall find that this curve differs from the torque 
curve of a motor of constant induction factor, since tb® 
axis of current is a tangent to it at the origin. The torqi^^ 
thus obtained is the total torque for any given current ; i^ 
will be greater than that observed in a test by the amoai^^ 
required to overcome friction and other torque loss^^s. 
Since the induction factor is reversed with the current, t)^® 
sign of the torque remains unchanged, the form of tl^® 
curve being the same as that on the other side of tl^® 
origin. Here we see an important difference from tt^^ 
torque curve with constant induction factor. 

The speed curve may now be constructed. For ai^^J 
current od, the heat-drop will be represented by fee, ^^o 
that the motor must run at such a speed that the induci^^ 
tension is equal to cd. The induction factor for tl»-^s 
current is dr/, the speed will therefore be given by the rat:i^ 
of cd, the induced tension, to dg, the induction factoJC } 
using the given scale of speeds, we find that the ordinate 
of the speed curve at this point will be df, and equal t^ 
520 revolutions per minute. 

In this way the complete speed curve can be plotted; 
it will pass through the point /;, and the axis of speed will 
be an asymptote. It differs in a marked way from the 
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speed curve for a motor with constant induction factor, 
since the speed is infinite when the current is nothing. 

When the current is reversed, the sign of the torque 
remains unchanged, hence the direction of rotation must 
change at the origin. The reversed speed curve may be 
plotted by taking the ordinates of the induction curve 
2^nd the heat-drop as before. The dynamo is now acting 
as a generator, and sending a current into the line, but 
unlike the dynamo with constant induction factor, the 
change from motor to generator has been accompanied by 
a change in the direction of rotation. Motion is also 
reversed at the point h as with a dynamo of constant in- 
duction factor. The form of the speed curve is not 
symmetrical about the axis of speed. An inspection of 
^he curve for reversed current shows that the speed first 
decreases and then increases. 

In comparing the speed curve of a series-wound motor 

^^ith that of a motor of constant induction factor, we see 

^"t once that the former gives much greater variations of 

®peed for small loads. The line ah in the diagram would 

^^ the speed curve for a motor having a constant induc- 

^^on factor equal to that of the series-wound motor when 

^*^^ning at a speed given by the intersection of its speed 

^Utve with the line ab. For loads greater than that 

^^iresponding to this speed, the behaviour of the two 

Motors is not very difierent, but for smaller loads, the 

^peed of the series-wound motor exceeds that of the other, 

^^e ratio of the speeds increasing to infinity when the 

load is nothing. 

The energy curves for a series-wound dynamo will be 
^Unilar to those for a dynamo with constant induction 
fector. The general form of the heat, line, aivd.TCi^e\i"a?c^QssN. 

/ ^ 
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watt curves is not altered by the reversal of rotation 
the change in the sign of the induction factor at the origL 

From the speed and torque curves we may constru, ^t 
a curve of torque on a speed base. In the diagram tta-is 
curve is shown with the torques measured vertically, tMne 
maximum torque being bh, as in the original torque curvr"^ e, 
the speeds being now measured horizontally from ^ 
as origin, towards o. This curve gives us the speed -^t 
which the motor will run for any given load ; we shszE^iW 
find it useful in determining the conditions under whi^c^h 
a motor speeds up from rest ; it also shows the changes ^^ 
the speed consequent on a change in the load. 

In a series-wound motor, the induction factor is * 
function of the current, and the torque is proportional '^ 
the product of the current and the induction factor, hen_ 
the torque varies as some power of the current alwa 
greater than one. For points on the induction curve ne»- -^^ 
the origin, the induction factor increases in direct propc^^^' 
tion to the current, so that the torque curve is here * 
parabola, the torque increasing as the square of t!l^® 
current. As the induction curve bends over, the torq*^*® 
curve changes in character and is slightly inflected, afi^- * 
close inspection of the diagram will show, until when ^^^® 
have passed the bend and arrived at the straight upp^ ^^ 
portion of the induction curve, the torque increases at> * 
rate greater than that of the current by an amou'^o* 
determined by the inclination of the induction curve ^^ 
the horizontal. 

The form of the torque curve of a series-wound mot50^ 
has the very important practical result that large torqa^ 
may be obtained without drawing proportionately largf© 
currents from the line, This is a great advantage when » 
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motor is starting or when a sudden load is put on, but the 
motor must be properly designed in order to get the full 
benefit of this arrangement. For if the normal running 
point is high up on the induction curve, the induction factor 
s^ill be only slightly increased when the heavy load is put 
)n, and the current will be nearly in proportion to thetorque. 
[f, however, the points of normal and maximum load are 
io situated on the curve that the corresponding values of 
ie induction factor are very different, then the current 
jaken at the maximum load may be much smaller than it 
^onld be if the induction factor remained constant. 

Take as an illustration the O. E. 800 railway 
notor made by the General Electric Company, and 
lesigned to exert a horizontal effort of 800 pounds on 33- 
nch wheels, when running at 9*4 miles an hour. 
He torque and speed curves of this motor, as obtained 
^m actual test, are given in Fig. 21. The circles 
mdicate observations. The resistance of the magnets 
ind armature in series, when hot, was 1*245 ohms, 
being 0*805 for the magnets, and 0*44 for the armature. 
The induction curve is obtained from the speed curve by 

ising the equation M^ . This curve gives the in- 

n 

duction factor for any current under normal running con 

toions, and takes into account all effects due to armature, 

faction and other losses tending to reduce the induction 

factor. 

The curve of total torque is obtained from the equation 

^=5l41cM, This curve gives the total torque for any 

"urrent available for all purposes, including internal torque 

osses due to hysteresis, gear friction, &c. ; it is greater 

the torque actually observed by the amount of 
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these losses, for when the motor is running under 
iiormal conditions, the frictional torque has to be de- 
ducted from the total torque, so that the torque mea- 
sured at the rim of a brake wheel represents the total 
torque diminished by the amount of the torque losses. 
Hence when the torque curve obtained by a brake test 
^8 plotted, it will be found to lie below the curve of 
total torque as obtained from the equation <=1*41 cAf, 
la this chapter we shall take the speed curve as the basis 
for the construction of the curves of induction and total 
torque. 

If the induction curve of a series-wound motor 
passes through the origin, we cannot make it generate 
^ current by increasing the speed. This is seen from the 
ft>rtn of the speed curve. For instance, it is not possible to 
utilise the energy of a car descending a grade by sending 
current into the line, as might be done if the motors were 
®htint wound. This is a consideration that may assume some 
^^portance in certain cases. Thus in the system of elec- 
^^c railroads radiating from the city of Baltimore, there 
*r© grades of one in sixty extending for a distance of as 
^Uch as five miles. In order to run at fifteen miles an 
^onr up such a grade with a seven-ton car, we should need 
^t>out four horse-power for friction and track resistance, 
^^d eleven for the grade. On the descending journey, we 
^liould have to take current from the line only when 
^tiarting up after a stop ; for the rest of the time the motors 
^ould be cut out and the brakes on. If the motors are 
^^ries wound, they are now useless either for restoring 
Energy into the line, or for acting as brakes. If shunt- 
'^ound motors were used, a considerable proportion of the 
power required for an ascending car could be su^^lied b^ 
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a descending car, the generating, action of the 
meanwhile serving as a brake on the motion of the car. 

The only condition under which a series-wonnd 
can be made to generate a carrent when running 
ordinary circumstances is that the induction curve 
not pass through the origin. This condition is freqi 
obtained in practice owing to the existence of 
magnetism. In Fig. 22 curves of torque and speed 
given for a motor in which the induction curves 
ascending and descending values of the currents aredeteii*! 
mined by the amount of hysteresis. In the figure thetMJ 
induction curves are similar, but displaced horizontal^. 

The speed and torque curves for the ascending vst 
descending portions of the induction curve are plottrf 
in the usual way. There is a portion of the toiq* 
curve where the torque is negative, namely where'fl* I 
current and the induction factor are of opposite sigB* 
Taking the descending portion jB, we see that the verfr 
cal line drawn through the point 6, where the curreart 
is equal to 10 amperes negative, is an asymptote ^ 
the speed curve, hence, when the current is nothing, tto 
motor will be running at such a speed that the indticw 
tension made up on the residual magnetism is equal toil* 
tension of the line, and for speeds above this the matof 
will deliver current into the line, but this current cannot 
exceed 10 amperes. 

If the magnets of a motor are made of steel, the resi- 
dual magnetism may be considerable, and a current may 
be sent into the line when the motor is running at a Mj^ 
speed, but the current will be small. If, however, llie 
motors are disconnected from the line, and have tbrir 
armatu'*'^ ^^rminals connected through a low resJgfaUMH^ 
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large currents can be obtained, the induced tension beingi 
made up on the residual magnetism. This is the method] 
adopted in operating electric brakes for railway motors; 
in practice the induced tension seldom exceeds 10 volts. 
For the purpose of braking, the armature is completely 
disconnected from the line and firom the magnets and ifl 
then short-circuited through a rheostat. The dynamo 
then acts as a generator with constant induction factor, 
and the retarding torque is given by the product of the 
induction factor and the current generated. 

We shall now consider the action of two series- 
wound motors connected electrically in parallel, and 
mechanically coupled so that they both run at the same 
speed. The induction curves of the two motors are drawn 
in Fig. 23, and we shall suppose that they are dissimilar, 
but both pass through the origin, in other words, there is 
no residual magnetism in either motor. Construct the 
speed and torque curves as before. If the induction curve 
of A lies above that of B, the torque curve of A will lie 
above that of B, and the speed curve of A below that of S. 

Construct the curve of combined speed, which shall 
I'epresent the current from the line horizontally, and the 
speed of the combination vertically. Construct also tb^ 
curve of combined torque, which shall give the total torque 
of the combination vertically, and the current drawn 
from the line horizontally. The speed of the combination 
is determined by the total load ; setting this oflF in inch- 
pounds on the combined torque curve we find the total 
current, and thus obtain the speed from the combined 
speed curve; this gives us the current in each motor. 
Motor ^i, having the higher induction curve, will draw 
the smaller current for all loads. Unlike two shunt- 
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wound motors in parallel, one of the motors inrill 
always be doing some of the work, and cannot be 
made to generate current however light the load may be. 

Since the motors are mechanically coupled, each will 
take its own share of the total load. For heavy loads the 
torque of A will be greater than that of B ; the speeds 
being the same, the rates of working will be unequal. As 
the total load diminishes the torques become more nearly 
equal, until at a certain load they are the same, and for 
lighter loads the torque of B is greater than that of A. 
These results are shown in Fig. 24, which gives the differ- 
ence of current, and hence of electrical horse-power, on a 
base of total current. 

The difference between the two currents is nothing 
when the speed is nothing, if, as we have here supposed, 
the resistances are equal. As the speed increases the 
difference increases, and, in the case of the motors repre- 
sented in the drawing, again decreases, but the form of the 
difference curve will depend upon the shapes of the two 
induction curves. 

Fig. 25 gives the results of some tests made by 
Mr. H. S. Hering, on two 25 horse-power railway motors 
running a car under ordinary conditions. The values 
observed were as follows : 



Line volts 



470 
473 

487 
487 
465 



1 

Amperes, 
Motor No. 1 


Amperes, 
Motor No. 2 


DiflEerence 


Difference per 
cent, of total 


1 






amperes 


41-3 


461 


4-8 


5-5 


40-4 


45-6 


5-2 


6-0 


31-5 


36-2 


4-7 


6-9 


20-9 


24-6 


3-7 


8-1 


14-5 


17-9 


3-4 


10-6 



If this difference had been due to unequal resistances 
H^e should have found the differeiic^ mcit^^'s^i^ ^\^\i tke 
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total load, as may be seen by drawing the speed curves 
for two motors with equal induction curves but unequal 
resistances. If the wheels of the two motors were o; 
unequal diameter due to wear, the motors would draw 
different currents, but not such as would account for the 



Graphic Construction 
to find the diffcrcncc of inoucto tension 

IN TWO COUPLED MOTORS. 




results actually observed. The difference may with 
tolerable certainty be attributed to unequal induction 
curves. 

When two series-wound motors are connected elec- 
trically in parallel, and coupled mechanically so as to run 
at the same speed, the induced tension in the two motors 
will be different if the induction curves are different. 

Let A and B in Fig. 26 represent the two induction 
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^^es, and let og be the maximum possible current when 
*te speed is nothing : from g draw any line gfc cutting the 
eduction curves in / and c. Then fd and ch will repre- 
sent the values of the induction factors in the two motors 
when A is drawing a current equal to o&, and ]i is drawing 
^ current equal to od. Let fd and ch cut the loss line kg 
^^ B and a. Then, since ah and ed represent the induced 
tensions in the two motors, we see that the speed of A is 
^ divided by be, and the speed of B is de divided by 
v» and these ratios are by construction equal to one 
another, hence the two motors are running at the same 
^P^ed. We can then find the ratio of the induced ten- 
sioixa of two coupled series- wound motors in parallel, with 
^^Uequal induction curves and equal resistances, by draw- 
^S lines from the point g cutting the curves at different 
^Sles, and the vertical ordinates at the points of inter- 
^^"tion give the required ratio. 

When two motors with unequal induction curves 

e no residual magnetisation, the difference between the 

'ixiced tensions increases with the load and decreases with 

^^ speed, becoming nothing when the speed is infinite. 

*^ > however, there is residual magnetism in one or both 

^^ the motors, there is generally a certain speed for 

^liich the difierence is greatest. 

In Fig. 27, A B and A'B' represent the magnets and 
^t*matures of two motors connected in parallel. If the 
l)oints a and c are joined, we have conditions which may 
prove very troublesome. If the resistances of the magnet 
windings are equal in the two machines the currents in 
the magnets will be equal, so that whatever the motors 
are doing the current from the line will be equally 
divided between the two magnets. Supposie now that 
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the mdoction curves given in Fig. 22 are those of 
two motors, and that these represent an exaggei 





Ground 

Fio. 27 



difference dae to hysteresis. We see that as the can 
ia the magnets diminishes the difference between 
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induction factors increases. Now considering the two 
Motors together, the current from the line will diminish 
^^ the speed increases, so that the difference between 
the induction factors will increase with the speed. If 
^he induction factors were equal, the induced tensions 
^^uld also be equal and the tension between a and h 

^^^ same as that between c and d ; if we increase the 

• 

^^diiction factor of one motor, say of A, and reduce 

^^^"fc of the other, the tension between a and b is greater 

^^an that between c and d, since they are running at the 

®^me speed, and a current therefore flows from a to c 

^Hd from dtob. For a certain difference in the induction 

^o-fcors A would be drawing no current and B would be 

^ixig all the work. Any further increase in the difference 

^tild cause A to generate current ; and only so much 

^^^^>?e current would be drawn from the line as would be 

^Sl Hired to make up the increased heat losses. 

If two motors driving a car are connected up in this 

^•^Tj the change in the relative values of the induction 

^^-^t:or8 takes place automatically as the car speeds up. The 

^^iilt is that a large current circulates in the closed circuit 

^^<i6, quite independently of the work being done on the 

^^1^. The difference in the induction curves may be very 

S>^^at, especially if the magnets are made of steel. 

As soon as one motor begins to generate current the 
^^rque due to the current resists the rotation of the wheel 
"^ which that motor is geared, and when a certain speed 
is attained the wheel will be suddenly stopped. 

When this diflSculty is experienced it will be necessary 
either to alter the method of connecting the motors 
OP to avoid the use of steel in the construction of the 
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We now come to the case where tinro motoi 
are connected electrically in series and al^o 
coupled mechanically so that they both run ^^ 
the same speed, each taking its own share of the tot^^il 
load. 

The current is here the same in each motor, hence tfc^e 
heat-drop is the same if the resistances are equal, ar:*-^ 
since the speeds are the same the induced tensions w^H 
depend on the induction factors. If the induction curves 
do not coincide, the induced tensions will be proportion-^ 
to the vertical ordinates of the two curves, and the Ir*^^^ 
tension will be unequally divided between the two motof^' 
In some experiments made by Mr. H. S. Hering t>l^® 
average difference in the terminal tensions of two str^^ 
railway motors under test was six volts, the tensions b©i^"^^*-8 
242 and 248 volts for 41*8 amperes in each. 

If the two induction curves coincide, the induc?^^ 
tensions will be equal, and the tension of the line will "B^® 
equally divided between the two motors. Thus, when t}'^'^^ 
similar motors are connected in series on a 500-volt \\:f^^^ **' 
the terminal tension will be 250 volts on each. If fc^'^^"'^ 
motors are connected in series the terminal tension on em^^^^ 
will be 125 volts. In railway practice two motors ^^^"^ 
frequently used together in this way and switched ov 
from series to parallel, according to circumstances. It i 
often convenient to be able to represent graphically tb^^ 
result of this alteration in the connections. The changf^^ 
consists generally in doubling the terminal tension of th6^ 
motors. 

Fig 28. shows the curves of torque and current, both 
on a speed base, of the motor illustrated in Fig. 20. The 
curves represent the following conditions. (1) When tii6 
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motor is placed by itself on the full tension of the line, 
500 volts. (2) When the motor is in series with one other 
similar motor. (3) When the motor is in series with three 
other similar motors. 

This diagram enables us to find at once the speed 
for any given load with any given arrangement 
of motors ; the torque and current given is that per 
motor. Thus for a load of 3,000 inch-pounds per motor, 
each motor would run at 320 r.p.m. if in parallel; and 
at 70 r.p.m. if in series with a second motor. A car 
equipped with four motors with a load of 3,000 inch- 
pounds on each could not move if all four motors were 
thrown in series. 

The curves in Fig. 28 for diflTerent tensions may be 
obtained graphically in the same way as the speed and 
torque curves were obtained in Fig. 20, or we may calculate 
the speeds for given current and given torque from formulae. 
We know the induction factor for any given current, so 
that we can obtain the speeds for different values of £, the 
tension on the motor terminals. 

The speed of a motor in series with one other simil^^ 
motor is less than half the speed of the motor when placed 
direct on the full tension of the line by an amount depend' 
ing on the load. The speed in parallel can be expressed 

And the speed in series is 



So that we can put 



•■=2|-f («'■ 



')K = in,-fj^ (46> 
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It is important to notice that these equations refer to 
conditions in which the load per motor remains the 
same, and when it is stated that the motor is connected in 
series with a second similar motor, it is assumed that the 
load on the first motor is unaltered, and that there is an 
equal load on the second motor. 

This may be clearer if the equation is expressed in 
terms of the torque on the motor. Suppose that we have 
*^o motors. Let t be the torque in inch-pounds per motor, 
■^ the tension of the line, R the resistance of each motor. 
Til© induction factor corresponding to the torque t can 
oe found from the induction curve, since for steady running, 
tl^e torque determines the current and the induction factor ; 
^^ other words, if the torque is given and we have the 
^^duction curve, we know what must be the induction factor 
^^ "fcie motor when it is running at a uniform rate. Hence 
^^ can write 

Speed in parallel = 71,, =^-0-71^^ (47). 

Speed in series == Tig ==—^-- 0*71 -— (48). 



^e thus see that 

Bt) 
%-0-7l3p 



^«=i 



(49). 



So that the speed when the two motors are connected in 
Series is less than half what it is when they are connected 
iti parallel, by an amount depending on the load on each 
motor. 
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Generally, if there are x motors in series, the speed of 
each may be written 

^=^"-^i>-^) (^•^)' 

where Uj, is the speed of each when placed alone on the 
fall tension of the line, and t is the torque on eabh motor. 

It may not perhaps at first sight be obvious why the 
induction factor remains the same when the motors are 
thrown in series. The reason is that when the torque 
on the motor is constant, the product of the current 
into the induction factor is constant, and independent of the 
tension on the motor terminals. Hence the current per 
motor remains the same, whatever the arrange- 
ment of the motors may be. 

For instance, if the motors in the case quoted above 
were each taking 30 amperes when connected in parallel, 
they would each take 30 amperes when connected in series, 
the only difference would be a reduction in the speed and 
in the current drawn from the line. When the motors 
are in parallel the current from the line is 60 amperes, 
but when they are in series the current from the line is 
30 amperes, since the current that passes through one 
motor also goes through the second motor. There is thus 
a saving of current by connecting the motors in series, 
but there is a corresponding reduction in* the speed, and 
we see that the amount of this reduction is largely 
determined by the resistance of the motors. If the resist- 
ance were nothing the speed would be directly proportional 
to the tension on the motor terminals, and the speed in 
series would be exactly one half of that in parallel. With 
four motors in series the speed would then be one fourth 
of that of each motor in parallel, and so on. 
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It is possible that the term that has to be deducted 
^^ account of the load may be so large that when the 
motors are put in series they cannot run at all. Taking 
Equation 47 as giving the speed of a motor for any ter- 
Diinal tension J?, we see that the speed will be nothing 

if E=i'7l-. Hence unless the tension on the motor 
M 

^hen in series with a second motor is greater than '71 —, 

the motors will not run when put in series. The limiting 
value of E may also be written 

^=-7lfv^ (51). 

^vhere 2^ is the horizontal tractive effort, d is the diameter 
of the driving wheel in inches, and v the velocity ratio. 

By the use of Equation 47 we can obtain curves giving 
the speed for different tensions with constant load. If we 
'iftve the curves of total and useful torque and the induc- 
tion curve of a motor, we can draw a set of curves that 
^Ul give us a complete insight into the behaviour of the 
^otor under different conditions. 

Take the case of the G. E. 800 railway motor. The 
curveg of torque and induction are given in Fig. 2 1 ; from 
these we can find the current required for any useful torque 
^^ tractive eSbrt on wheels of given diameter, and also the 
^^^esponding value of 3/. Then by use of the equation, 
^^^^embering that / is the total torque for each current, we 
^^^ obtain two points on the speed line. 

The results for this motor are plotted in Fig. 29. 

^i^ical ordinates represent the tension at the terminals 

^^ the motor. Horizontal ordinates represent the aijeed 



"■" ^-^or-coB^^ , 




/ i 
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o^ the car in miles per hour on 33-inch wheels. The 
ii^tercept on the axis of tension is the term '71- , giving 

■tte least tension that will move the car at the corresponding 

load. The tractive efforts specified in the figure are 

obtained from the curve of torque available for useful 

effort given in Fig. 21. The diagram enables us to find 

at once the speed of the motor in miles an hour for 

any given load and terminal tension. 

Example 29. — A car is equipped with two of these 

motors, the tension of the line being 500 volts. If the 

load is 800 pounds of useful horizontal pull per motor, 

the speed, with the motors in parallel, will be 9*4 miles an 

hour. If the motors are now thrown in series the speed 

^1 be reduced to 4*2 miles per hour. If the car com- 

Qiences to ascend an incline of 3-5 per cent., the increased 

load, per motor will be 1,200 pounds, and the speed up the 

incline will be 3*5 miles per hour. Suppose now that in 

consequence of the drop in the loads the tension of the 

lii^e falls to 440 volts, the speed will fall to 2-9 miles per 

nour, the current from the line being 55 amperes, since 

tke motors are in series. Should this speed be too low, 

the motors must be put in parallel. The terminal tension 

^^U then be 440 volts, the speed will rise to 7*2 miles per 

li^Ur, while the current will increase to 110 amperes. 

When two motors, A and B, are connected in 
series electrically, but not coupled, the load on the 
one will be mechanically independent of that on the 
other. The current is the same in each, hence for uni- 
i form motion in both motors the loads must be in the ratio 
of the induction factors. For if the load on one motor, 
say on A, is fixed, the current in A is fixed, for uniform 
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motion ; this current will be either larger or smaller than 
that required to balance the load of the other motor. 
In the first case, B would accelerate, the induced tension 
on B would increase, and the current would decrease. A 
would then be retarded, and finally stopped if the difference 
in the loads was sufficiently great. In the second case, B 
would be retarded and stopped. 

If two similar motors driving a car are connected in 
series, the two induction factors are always the same. If 
one of them slips, the load on that motor is reduced, at 
the same time the mechanical connection previously 
secured by the adhesion of the rail is inoperative ; the 
speed of the slipping motor will therefore increase, and 
with it the induced tension, hence the current will be 
decreased, and the torque assisting the motion of the non- 
slipping wheel, and therefore of the car, also decreased; 
if slipping continues, the car must stop. The use of 
series- connected motors for railway work is 
therefore objectionable, unless the driving 
wheels can be coupled by connecting rods. 

If any number of motors are connected electrically in 
series, being independent mechanically, the condition of 
uniform running for all the motors is that the induction 
factor for each motor shall be proportional to its load. We 
have here the conditions under which it is possible to 
operate a number of motors in series with a constant 
current, each motor being mechanically independent of 
all the rest. 

Let us suppose that we have several motors connected 

in series and a constant current passing in the circuit. 

Assume that one of the motors is at rest, the current 

<? cut out by a short circuiting switch. When this 
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motor is switched into the circuit it cannot move unless 

the torque produced by the current is greater than the 

1<^ on the motor. If the induction factor can be increased 

oy shunting some of the current through the m?*gnets, any 

f^uired acceleration can be obtained by adjusting the 

fiKiount of current thus shunted. The motor will then 

speed up, and in doing so will diminish the current by 

^*s induced tension. If the generator is provided with a 

^Hatant current regulator, this will not happen, and the 

CQrrent will be unaltered, the increased tension, required 

^ make up the terminal tension on the recently started 

^otor being provided by the generator. 

If the induction factor remained unaltered, and the load 

^^i»e constant, the motor would go on speeding up without 

^^it. If, however, the motor is provided with a governor, 

^^ induction factor may be automatically reduced when 

^^ desired speed has been attained. If the governor is 

®^"t for a certain speed, it will adjust the induction factor, 

®^^ by shunting the magnets, so that if the speed is too 

^%h, the induction factor will be reduced, and the torque 

^^s^isting the motion be made less than that due to the 

^Hd ; the motor will then be retarded. Similarly if the 

^X^eed is too low, the induction factor may be increased. 

If the load is reduced, the assisting torque due to the 
^Urrent will cause the motor to accelerate unless the 
%ovemor reduces the induction factor. If the load is in- 
^I'eased the governor will increase the induction factor, 
keeping the speed constant. If the load should increase 
l>eyond the ability of the governor to hold the speed, the 
inotor will simply be retarded until it stops, without in 
Hny way affecting the other motors in the circuit. The 
motor may be set to run at any convenient aijeed ; tke-OY^lv- 
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cally it will run equally well at any speed, since the 
terminal tension is not fixed. 

The practicability of this system depends entirely 
upon the design of the automatic governor. Power trans- 
missions on the constant-current principle are now being 
successfully worked with the aid of the Thury regulator, 
an account of which may be found in the * Electrician ' of 
March 19, 1897. This regulator will keep the speed 
variation within one-half per cent, from no load to full 
load. In Genoa, 1,400 horse-power is transmitted for a 
distance of twenty miles on this system. 

Example 30. — At Chaux-de-Fonds, where the in- 
stallation contemplates a tension of 14,400 voltfl being 
used over a distance of 30 miles, the current employed is 
150 amperes. For a motor running at 600 r.p.m., with 
a load of 1,200 inch-pounds, M must be 56-8, and i^ 
i^=0003, the terminal tension would be 57*2 volts, an^ 
the output would be 11 *4 horse-power. 
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CHAPTER VI 

EFFICIENCY 

^^T af in Fig. 30 represent the maximum current in a 

^otor of R ohms resistance, and let ah represent the 

^^txsion of the line to which it is connected. Complete 

-^^ rectangle afdJb and join ad. The vertical intercept 

*^^tween af and ad represents the watts taken from the 

■^e ; this is nothing at a, and a maximum at /. Con- 

^^f net the curve of mechanical watts by taking the 

^iflference between the line watts and the heat watts, as 

^^plained in Chapter II. 

The ratio of the mechanical watts to the line watts is the 

^fiftciency of conyersion, and expresses the proportion 

^^ the electrical energy put into the motor that is converted 

"^^to work. It is a maximum when the current is nothing, 

^^d is nothing when the current is a maximum. This is 

"true for every form of continuous-current motor, whether 

shunt or series wound. 

The mechanical watts is equal to cMn, where n is the 
revolutions per second, and M the induction factor. Since 
^ is given by 
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it follows that the efficiency of conversion can be expressed 

th-cis: 

'■=*!' V(^)j • <»^>- 

From this we see that for a given resistance and rate of 
wox-iing 97 J increases with the tension of the line. We may 
also write : 

E=~(n.-n,^) (54). 

w 

which shows that for a given efficiency and rate of work- 
"ig* the resistance may increase as the square of the 
terision. 

Example 31. — A railway motor has to be designed 
to <3rive a car at 20 miles an hour, with a total horizontal 
effort of 600 pounds. To find the resistance so that the 
eflSoiency of conversion shall be 80 per cent on a line of 
^^O volts tension. From Equation 54 we find that B=l-67 
ol^Xns. The result should be checked by showing that the 
cai-rent is 60 amperes, the line watts 30,000, and the heat 
^^tits 6,000, giving 24,000 for the mechanical watts, and 
*^ efficiency of 80 per cent. 

Only a certain proportion of the total mechanical watts 
^ available for useful effort. We shall denote by rj^ the 
'^tto of the useful to the total mechanical watts, i.e. the 
^^chanical effloienoy. This gives us the ratio of 
tlie useful torque to the total torque for any current. 

Let bg represent on any convenient scale the curve of 
^tal torque for different currents, dg being the maximum 
^rque. Deduct from each ordinate of this curve the 
torque required to overcome all internal resistance to 
motion, such as friction, hysteresis, &c., and we shall 
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get a second curve, hh, giving us the useful torque. 
In the figure we have assumed that the torque loss is 
constant, and we have taken it abnormally large in order 
to make the diagram clearer. 

The mechanical efficiency is the ratio of the ordinates 
of the curves of useful and total torque. This efficiency 
is nothing at the point h^ and increases with the total 
torque. If we divide the ordinates of the curve of 
mechanical watts in the ratio of the useful and total 
torques for each current, we shall get the curve of usefiil 
mechanical watts. We can also construct a curve of 
mechanical efficiency. 

We have to make an arbitrary distinction in deciding 
what are to be counted as internal losses. In an ordinary 
belt connected motor it is obvious that these should include 
friction of bearings and brushes, hysteresis and eddy current 
losses, but when the motor is fitted with gearing as most 
railway motors are, it is not so easy to draw the line and 
say what losses are to be counted as internal losses. If 
the motor and its gearing form part of a self-contained 
equipment, the gear friction is usually counted in with the 
internal losses. 

We have also assumed that the torque increases with 
the current, and have drawn the curve of total torque 
a straight line, as in a motor with constant induction 
factor. But all that follows is equally true for a series- 
wound motor, since the curves of heat and line watts are 
not affected by the variation of the induction factor. 

The mechanical efficiency at different currents or loads 
may be found by the following method. Determine by a 
test the curve of useful torque, and also the speed curve. 
Deduce the induction curve from the latter, and from 
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the induction curve get the curve of total torque, using 
the equation ^=1 4 IcM. The meohanioal efficiency 
is then the ratio of the ordinates of the curves of 
useful and total torque. 

These curves have been given in Fig. 21 for the G. E. 
800 railway motor. The curves of speed and useful torque 
are from actual tests, the curve of total torque is obtained 
from the induction curve, which is itself derived from the 
speed curve. We see that the mechanical efficiency at 
40 amperes is 83*5 per cent., and at 20 amperes it is 
nearly 86 per cent. 

The total torque at 40 amperes is 3,320 inch-pounds 
since M is 59, and the measured useful torque is 2,780, 
showing that the torque lost internally amounts to 540 
inch-pounds. On 33-inch wheels with a velocity ratio of 
4*78 the useful tractive for this current would be 800 
pounds ; this figure gives rise to the name of the motor. We 
cannot at present say how the torque loss is distributed ; 
this must be determined by a separate test. We see from 
the curves that in this motor the torque loss increases with 
the total load. 

In Fig. 31 similar curves are given for the motors used 
on the Baltimore and Ohio Railroad. In this case there 
is no gearing, so that the mechanical efficiency is much 
higher, being about 95 per cent, for 800 amperes. The 
torque loss increases with the load, but not to such an 
extent as with the geared motor. 

The torque loss in a gearless motor may be 
divided into three parts as follows : — 

(1) Friction. 

(2) Eddy currents. 

(3) Hysteresis. 
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The friction i< made op of the fricti« n \*f the l>rw:Ae?sk 
le bearings, and of the air. The secomi of the?^* is the 
t important, and if there is no side thrust dne t^> a belt 
meven pull of the magnets, will depend ujxm the 
yht of the armature. 

It may not at first sight be obvious how the existence of 
ly currents produces a torque tending to oppono thi^ 
ion. But a little consideration will show that ciUTt»nfH 
iced in any part- of the armature will have thc^ Hiunt^ 
;t as currents induced in the surface couductorn, and 

tend to stop the motion. We may iinagin« nil tlu* 
J currents to be concentrated in an iinaginiii'y <Jon- 
X)r short circuited on itself and not c^)un<*x*t4^d U) ill** 
ace conductors proper. I'he current in thi« CAHnUnior 
asted, but it will exert a tor<^u<f teiMling tr>bU>|><li*' 
ion, when there may be no current patting in IIa*^ **ui'- 

conductors. If ra w? tJie induction i'w^or <A' Ujl*' wubtA? 
ait, and r itB redstance, ih^ Ujr^yj^^ ifc xiv«ii l>v 

1-41 '— . wheire n ie the uuuiUjt *A' f*-volutio«jr jxi 
r 

m<L Hence lie eddy curreaut t-<^t|tu- vu#'i4:i-- u/- ''i** 
id, and iiherrfoFe tie wtftt lohi' vari** iu ♦^U- ©-^i-ii^M '/* 
speed, m being txmfitaiit. 

A oanrcmiexit way of WJpftmtiii^r ti>* <Jjft>'j*>i#* -/A^y^ 
ee Vb to nm iiie wii0ski\nk u} «• n^-^j^i^, /j.iAini*'. i^<'.*^*i,'/ 
I motor. Observe fir»-* ti*^ '.'ufi>-ij' i*?'^>*j*' ■ ^ *- '■'■'" 
bor ftkme. ilieii tjoupi^ oi. tu*- <jvi«*ii^'. '. v '- ' *-''* 

ti«^ ifj'rr,*; ir *-^ ><-*•.' ' 
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armature of the tested dynamo due to hj'steresis and e 
current torque. 

A test of a 14 horse-power motor gave the following 
results : — Total torque loss at 1,500 r.p.m., 37 inch-pounds. 
Friction, 14 inch-pounds ; hysteresis, 7 inch-pounds; 
whence we deduce 1 6 inch-pounds as the eddy current 
loss. This motor took 5 2 amperes when running at no 
load on a line of 125 volts tension. The value of M was 5. 

Fig. 32 gives the losses in a 15 horse-power motor at 
different loads. The machine is a four pole belt type 
Crocker- Wheeler motor, shunt wound, and designed to run 
at 800 r.p.m. on a 230-volt circuit. The G^R losses in the 
magnet winding given in this diagram are included in the 
total losses. 

The hysteresis loss may be found by turning the 
armature slowly with a spring balance, attached to a lever, 
and deducting for friction. 

If the energy required to turn one cubic centimetre of 
iron through one complete cycle, in a magnetic field of 
given strength, is h ergs, the energy expended in rotating 
an armature containing v cubic centimetres, through one 
revolution, is li s v, if .s' is the number of complete cycles 
per revolution. If the armature be turned through ^ 
revolutions per second, the energy expended per second, 
that is, the rate of working, is lisvn^ and the watts is equal 
to hsvn 10~^. Tables of It for different values of J? are 
given in most text-books on magnetism. If t is the torque 
in inch-pounds. ?r = '71 / ?<, hence we get : — 

/ = l-4l/^8i;10-7 ..(55). 

Example 32. — A 10 pole dynamo, has 621 v 
'^"bic centimetres of iron in the armature. The nn 
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h? 



intensity of magnetisation is 1 1,000 lines per square centi- ^^-n 
metre. Find the torque required to turn the armature 
when the magnets are excited. Suppose that from our 1^ 
knowledge of the quality of the iron used, we take Mo J 1 
be 9,000. The iron in the armature of a ten pole machine 
makes 5 complete cycles per revolution, giving s=5. 
Hence the required torque is 3,940 inch-pounds, and this 
must be continually exerted in order to turn the armature 
against the retarding torque due to hysteresis. The 
dynamo is an 800 k.w. Westinghouse Railway Generator. 

When a motor is placed on a circuit without any 
external load, and allowed to run by itself, the load on 
the motor is the sum of all the retarding torques that 
we have been considering. Hence, if we observe the 
current and know the value of Jf, we can find the torque 
losses. 

The point of intersection of the curve of useful torque 
and the axis of current gives us the value of the current 
the motor will take when running with no external load. 
Thus, in Fig. 30, this current is given by the intercept hk 

Example 33. — A motor when placed on a line of 
100 volts tension runs at 1,240 r.p.m. and takes a 
current of 4 amperes. If the resistance is 0*1 ohm, find 
the torque losses. From the usual equation for the 
speed, we find the value of M to be 4*82, and since the 
current is 4 amperes, the torque is 27 inch-pounds. As 
the external load is nothing, the whole of this torque 
is expended in friction, hysteresis and eddy current loss. 

The ratio of the useful mechanical watt output to the 
total electrical watt input is the total efficiency of the 
motor. If this ratio is plotted on the axis of the current, 
it will start from the point A, in Fig. 30 : a^id rise to a J 
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^^aximum and fall again to nothing at the point d. The 
curve of total efficiency has also been plotted in the same 
figure on a speed base. 

If ^3 is the total efficiency and tf the torque loss we 

have : — 

'7lv(t-t/) ,:^. 

^3= -j^-- (^6)- 

-Assuming that tf is constant at all loads, and that M is 

Constant, this becomes 

^ Cf cR Be ,^^. 

^^=^-■7- E^'E (^^)- 

^tere c^ is the current at no load. Differentiating with 

^^spect to c, and eqjiating to nothing, we find that 173 is a 

Maximum when 

c^=cc (58). 

^lere c^ = -^. Inserting this value of c in Equation 57, 
^e find that the maximum efficiency is 

c, 2 



1 + 



-/ 



2 / 



Gj. -J. 



Example 34. — A motor with an internal resistance 

^f 0*1 ohm takes 4 amperes when running on a line of 

l25 volts tension. The current for maximum efficiency is 

'^O'? amperes, the power is 8*35 k.w., and the total 

efficiency is 89 per cent. 

. E . 
The limiting value of Cj- is -^^ since the current Cf 

E 
cannot be greater than that given by '-. AVlien Cj has 
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Rc * — -*- 

this value, the efficiency is nothing, since -—/ is un_^B- "^y- 

Hence we see that 2 ^/ii^ must be greater than 

Be 
and --^ must be less than unity • 

JIj 

The expression * total electrical watt input ' does :K:::»-ot 
here include the power used in exciting the magii-^'*^- 
In a shunt-wound machine this can be made anything* '^^ 
please by adjusting the number of turns. To find fcl© 
maximum efficiency including the C^R loss in the magn.^*^) 
we must add the magnetising current c„, to the curi"^^* 
from the line in Equation 56, and we shall find that t> J^® 
current for greatest efficiency is then given by 

^i^ = (Cm + C/)(c„, + c^) (60). 

where c^ is the whole current from the line including t 

E 
B 



e 



magnetising current, and c^= v,- The maximum efficienr ^^ ^ 



is then : 

1 + r + ^7-' - r ^('7+ c„.) (c. + c,„) (61). 



Cj. C Cj. 



Thus, if in Example 34 the magnetising current c,„ i* 
2 amperes, the maximum efficiency is 86*8 and th 
current for this efficiency 86*6 amperes. 

If M is kept constant and the tension of the lin 
altered, the maximum efficiency and the most efficien 
current will increase with the tension. 

Example 35. — If the motor in Example 34 be place 
on a line of 250 volts tension, the torque losses and th^ 
resistance remaining the same, the maximum efficiency^ 






.6 

t 




i 
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wrill be 91 per cent., and the corresponding current 100 
amperes. Compare also Fig. 35. 

If the torque loss is constant the current c^ required 
to make up the loss will vary inversely as the induction 
faotor. Hence the higher the value of M the greater will 
b^ the efficiency and the smaller the current at which the 
eflSciency is a maximum. 

The larger we make M the slower the motor will run 
cm a line of given tension, and the greater will be the 
torque for a given current. Since w=ce the power at 
^^aximum efficiency will be nearly proportional to the 
cuirent at maximum efficiency ; hence, by increasing the 
Induction factor we can increase the maximum efficiency, 
out in so doing we decrease the power at that efficiency. 

Example 36. — If in Example 34 the induction 
*^ctor is doubled, the torque loss remaining unaltered, 
^h^ maximum efficiency will be increased to 02 per 
^^ut., the current for this efficiency will be 50 amperes, 
*^d the power 6-0 kilowatts. 

The preceding equations assume that the induction 
lector remains constant. If M varies, as in series-ivound 
'^^otors, we may still assume that the torque losses remain 
^tie same at all loads, but we can no longer assume that 
^x is always a measure of those losses. In a series-wound 
^^otor running without external load, the value of M is 
^Oiall, and hence the current Cj- is large. As the load 
•^^icreases, the proportion of the total current required to 
^ake up the torque loss becomes smaller. Our equa- 
tions assume that for all currents the torque loss is 
Represented by c^ amperes. If then M is greater for 
^ny current than it was when the motor was running 
^thout external load, we must reduce Cj in our eo^^- 



136 THE DIRECT-CURRENT MOTOR CH. VI 

tions in the ratio of the value of M at this load to its value 
at no load. 

Let us now compare the efficiency curves of two 
motors A and B which have the same internal 
resistance and work on the same tension, but 
have different induction curves. Suppose that for 
equal currents the values of M for A are gi^eater than 
those for B. 

If the torque losses are the same in both motors we 
notice first that the curve of total efficiency for A cuts the 
axis of current nearer to the origin than does that of motor 
B, since for the same torque the motor with the greater 
induction factor takes the smaller current. A will thus 
give a higher efficiency with light loads than B. 

Looking now at the equation for the greatest efficiency, 
we see that for any current Cj- is greater for B than 

for A, and 2 a/ — / must be greater than ~fr^j hence the 

maximum efficiency for B must be less than that for A. It 
follows that the motor with the higher induction curve 
has the greater maximum efficiency, and the greater 
mechanical efficiency at all loads. 

Again, from Equation 58 we see that the current 
when the efficiency is highest increases with c,. Hence the 
point of maximum efficiency for the motor with the lower 
induction curve will be shifted along the current axis, and 
the maximum efficiency for the motor with the higher 
induction curve will be reached at a smaller load than for 
the motor with the lower induction curve. 

In Fig. 23 speed and torque curves were given for two 

motors of equal resistance, but with different induction 

curves. When tlie torque is large A runs quicker than 
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S, but when the torque is small A runs slower than B. Now 
tlae load on a railway motor when once started is compara- 
ti'vety light, so that we may take it that motors designed 
for- this class of work will generally run slower in proportion 
^a the induction curve is higher. In other words, for equal 
loads, wheel diameters, and velocity ratios, a motor must 
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ii^.-ve a low induction curve to rnn fast at light loads, and 
* tigh indaction curve to run slowly. Hence the low- 
^t*eed motor will have a higher efiiciency than the high- 
^T>eed motor. We must, however, remember that the 
t^i-ms ' high speed ' and ' low speed ' refer to the behaviour 

I •*(" the motors at comparatively light loads ; the conditions 

\ itiay be reversed with heavy loads. 
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The efficiency curves for a motor with two magn-^^t 
windings are given in Fig. 33 ; one is for a high inducticiain 
curve and the other for a low induction curve. Tkr»e 
difference due to the two windings is well shown. 

If the resistances of two motors are not equal, tfc*© 
advantage gained by the higher induction curve may fc^ 
lost by the increase in the resistance. 

Example 37. — A motor with a resistance of 1-24^^ 
ohms, running on a line of 500 volts tension, with c^=2 ^ ^ 
amperes, has a maximum total efficiency of 85 per ceiB-'*^- 
If the resistance is reduced to 1 ohm, the efficiency 
increased to 86 per cent. If the induction curve 
lowered, so that c^ is 3 amperes, the efficiency, wii 
the reduced resistance, will be again 85 per cent. 

This is illustrated by some tests made on the 6.E. 8C^ ^ 
railway motor, of which the results are plotted in Fig. Z^^"^ 
The curves marked ' magnets full ' are for the motor 
which the induction curve is given in Fig. 21, tl 
resistance of the armature being 0*d^4 ohm, of tl 
magnets 0*805 ohm — total, 1*245 ohms. The curv^^^ 
marked ' magnets shunted ' are for the same motor, wh^ ^ 
the magnets are shunted with a resistance of 1*8 ohm ^ 
thus sending 30 per cent, of the current through tlr^*-^ 
shunt. The tension of the line is 500 volts in eac^-*^ 
case. 

We see from the curves that the maximum efficienc^^ 
of the shunted motor is higher than for the unshunt^^ 
motor, in consequence of the reduced resistance of tk*-^ 
former ; if the resistances had been the same, the shunts ^ 
motor would have had the smaller maximum efficiency. 

Example 38. — Taking the resistance of theG.E. 8(?^ 
motor as 1*245 ohms for the unshunted magnets, an^ 
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c^ as 5*5 amperes, we find the maximum efficiency 
on 500 volts to be 767 per cent. If the magnets are 
now shunted, giving i^=l*0 ohm, and Cf=Q'b amperes, 
we find the maximum efficiency to be 76*7 per cent, as 
before. 

We must not forget that we are here assuming that 
the torque loss remains constant at all loads. From the 
torque curves in Fig. 21 we see that this is not strictly 
true. The torque loss actually increases with the total 
load. This will prevent our applying the equations striqtly 
in such cases, but they may still serve as a general guide 
in determining the form of the efficiency curves under 
different conditions. 

We have also assumed that the torque is proportional to 
the current ; this is so in a motor with constant induction 
factor, but not in a series-wound motor. Thus in 
Example 37, the currents for maximum efficiency are 
by Equation 58, 47 and 57 amperes for the unshunted 
and the shunted motor respectively. We see from the 
curves in Fig. 33 that the currents are actually 25 and 33 
amperes, the difference being due to the increase of M 
with the current. 

Curves showing the variation in the efficiency of a 25 
h.p. Westinghouse railway motor are given in Fig. 35. 
One curve shows the efficiency when the motor is running 
in parallel with a second similar motor, and driving a car 
weighing seven tons, the tension of the line being 500 volts. 
The other curve shows the efficiency when the two motors 
are connected in series on the same tension. Equation 58 
shows that tlie series curve has been carried too high in 
the figure. The diagram is obtained from tests made by 
Mr. H. S. Hering. 
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142 THE DIRECT-CURRENT MOTOR CH. VI 

The same results are plotted in Fig. 36, on a base 
of miles per hour. The maximum efficiency does not 
appear to be very diifferent in the two cases, though 
the precise form of the whole curve is difficult to deter- 
mine. 

We have seen that when the speed of a car in feet per 
second, the tension of the line and the tractive effort are given, 

the ratio - is fixed ; we are, however, at liberty to take 
any values of M, v and d so long as this ratio is maintained. ^ 

Since c .= • 7 1 - ^ , we cannot reduce the value of Cf by simpljr^^^ -J 

Mv ' 



increasing v, for in proportion as we increase v we must^^-^^^ 
decrease M in order to get the proper speed. We can^ -^^^: 
however, decrease cy by increasing Mv and d at the sam^^ -^^ 
time. For an increase of Mv will diminish c), and will alsci^'^^ 
cause the car to run slower; we may then increase ^^^ 

d and bring the speed up to that specified, without thereb 
increasing Cj^ the useful current c-='l\—' being unaltered 

Hence in compaiing the performance of two motors witt^B^'^'^ 



\ 



r 
r 
r 



different induction curves, if we assume that the wheel 
diameter remains the same in both, a car equippe£^ ^^ 
with motors having high induction curves will run slowei^ 
than one with lower induction curves, but with better: 
efficiency. But if we are at liberty to alter the diametecr 
of the wheel, we can increase the speed of the former, anC-^ " 
make it run at the same speed as the latter, but at th^ ^^ 
same time with a higher efficiency. In practice, the whee ^^^ 
diameter is usually fixed for a given class of service ; thu — ^^ 
33 inches is universally used for street railway wor lg*^ - 
When this is the case, and the velocity ratios are equal, th — - ® 
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car equipped with motor3 having the higher induction 
curve will run the slower of the two. 

Example 39. — The weight of the car of a passenger 

lift, was balanced until the motor took the same current 

ascending and descending. The current at full speed was 

tlien 20 amperes, the tension at the terminals of the motor 

120 volts, and the resistance 0*1 ohm. This current 

^•©presents the torque loss at no load. A load of 1,600 

pounds was now placed in the car, and lifted at the rate 

<^f 126 fe^t per minute, the motor then taking 73 amperes. 

The mechanical output is 4,560 watts, and the corresponding 

electrical input 8,760 watts, giving a total efficiency of 

^2 per cent. If we calculate the efficiency by Equation 

^') taking 0=20, we get an efficiency of 68 per cent., 

showing that the torque loss increases with the load. 

^y inserting in Equation 57 the efficiency as found 

^y experiment, we see that Cj is 32 amperes, showing that 

^e torque loss increases by rather more than 50 per cent. 

^^^ no load to full load. In this case the velocity ratio 

^^s 70, the induction factor 4*6, and the diameter of the 

^^pe drum 24 inches. If the induction factor and the 

^^ameter of the rope drum are both doubled, we get the 

^^me car speed on the same tension, but with increased 

^ficiency. If at the same time we reduce the resistance, 

^^y to 0*05 ohm, we increase the efficiency still more. 

T?hp value of cy is reduced to 16 amperes, and the 

efficiency increased to 75 per cent. 

The following method for determining the 
^fflciency of series- wound motors at different loads 
Avill be found useful. 

Two similar motors are geared together, the pinions of 
each meshing into one and the same intermediate gear 
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CHAPITER VII 

ACCELERATION 

Let the vertical and horizontal ordinates in Fig. 37 measure 
respectively torque in inch-pounds and revolutions per 
second. Let the curve A represent on the given scales 
the total torque of a motor at different speeds. At o 
wher^ the torque is a maximum the speed is nothing. Let 
the curve B represent on the same scales the torque 
required to overcome all resistance to motion due to the 
load, friction of the gearing, hysteresis, &c. At the point 
h where the curves A and B intercept, draw a vertical 
line cutting the speed base in g. The speed at which 
the motor will run when uniform motion has been attained 
will then be given by og. 

For if a curve C be constructed, whose vertical ordi- 
nates are the difference between those of curves A and B, 
the ordinate of the curve C gives the torque availabld 
for acceleration at any speed, being the difference 
between the total torque and that required to overcome 
resistance to motion. At g this difference is nothing, so 
that at this point the motor has ceased to accelerate, and is 
therefore running uniformly. The form of the curve B is 
determined mainly by the variation of the friction with 
the speed, since this constitutes the greater proportion of 
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tension 500 volts, current 35 amperes, total resistance 
in motor circuit 1*245 ohms, resistance of motor armature 
and magnets 0*91 ohm, generator current 23*5 amperes. 

Using Equation 62, we find at once that the torque 
losses in the two machines amount to 5,240 watts, or 2,620 
watts each. The 0^-B loss in the motor is 1,112 watts. 
The electrical input of the motor is 17,500, leaving 
13,360 watts as useful mechanical output. We can now 
construct a table of energy expended in the motor. 

Watts Per cent. 

cm. loss .... 1,112 6-6 

Torque loss .... 2,620 153 

Mechanical output . . . 13,360 78-2 

17,092 1000 

The total eflSciency of the motor is thus 78*2 per cent. 

The results of a complete test of a G.E. 800 railway 
motor by this method are given in Fig. 34. The losses are 
shown in percentages of the whole input for different 
currents. The torque losses are divided into core loss, 
including hysteresis and eddy currents, and friction of 
gears, by a separate experiment, in which the motor arma- 
ture was driven by a small motor on open circuit with 
separately excited magnets. 
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CHAPTER VII 

ACCELERATION 



Let the vertical and horizontal ordinates in Fig. 37 meas- «J^^ 
respectively torque in inch-pounds and revolutions ^^^^^ 
second. Let the curve A represent on the given sc^^^^ 
the total torque of a motor at different speeds. A^* ^ 
wherQ the torque is a maximum the speed is nothing. rC>^* 
the curve B represent on the same scales the torcj."*^^ 
required to overcome all resistance to motion due to -ty^^ 
load, friction of the gearing, hysteresis, &c. At the poi^ 
It where the curves A and B intercept, draw a verti^^ 
line cutting the speed base in g. The speed at whi^-*^ 
the motor will run when uniform motion has been attaitx^^ 
will then be given by og. 

For if a curve C be constructed, whose vertical or^' 
nates are the difference between those of curves A and -^' 
the ordinate of the curve C gives the torque aYailabl^ 
for acceleration at any speed, being the differen^^ 
between the total torque and that required to overcotJ^^ 
resistance to motion. At g this difference is nothing, ^^ 
that at this point the motor has ceased to accelerate, and i^ 
therefore running uniformly. The form of the curve S i^ 
determined mainly by the variation of the friction with 
the speed, since this constitutes the greater proportion oi 
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148 ' THE DIRECT-CURRENT MOTOR CEjll 

the whole resistance to motion. Experiment shows that 
the friction is greatest at the moment of starting, and that 
after the first few revolutions it diminishes and continues 
very nearly constant for all speeds. 

If the initial retarding torque od is greater than the 
maximum total torque oa, the motor cannot move. The 
current that is taken from the line when a motor is 
started depends simply upon the tension of the line and 
the resistance in circuit at the moment : if there is a heavy 
load on the motor, that is, if the resistance to motion is 
great, the motor will start up slowly, if at all ; if the load 
on the motor is light, the motor will start up quickly. 
Thus the load on the motor does not affect the 
current taken from the line at the moment oi 
starting, but only the rate at which the motor speeds up. 

The acceleration at any instant is proportional to the 

• 

accelerating force. If n is the speed of the motor id 
revolutions per second, the acceleration will be -77' 

The accelerating force will be proportional to the 
torque available for acceleration, and if the induction 
factor remains constant, it will be proportional to the 
difference between the total current flowing through the 
motor at any moment, and the current that the motor 
will take when uniform motion has been attained. If ^® 
denote the former by c, and the latter by c^, we can 
write the equation for acceleration thus : 

^^=7.-(.-c,).. (63). 

where I' is a constant depending, as we shall see later, 
upon the value of the induction factor, the moment 01 
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inertia of the mass to be moved, the velocity ratio, and the 
resistance of the motor. 

If E is the tension of the line, Jl the total resistance 
in the circuit, for the present considered constant, and M 
the induction factor, we can write down the following 
equation, which we know must hold good at any instant : 

E=Rc + Mn (64). 

Substitute in this equation the value of c obtained from 
Equation 63 and we have 

|+y?.= '(K-;i«,) («). 



This equation is of the form Ji -{-Pi/^Q the solution of 

(iiC 



dy 

UOiUXUlX lis V/X UUC' t\Jl Ul 

which is 

(See Perry's ' Calculus for Engineers,' p. 326.) 

^Jie solution of Equation 65 is then 



kM '- - '-^ 



= P. iJ* 



n=e 



— HT' ^ +-^ \y^)' 

M I 



^ow the expression — ^ is the final speed of the 

^otor when it has ceased to accelerate. If this is n^, we 
hen get 

n^n^-i-Ke^ ^' (67). 



Co find the value of the constant K, we know that when 
=0, n is the initial speed, if we call this n^^ and put n=n^^ 
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and / = o, we see that K^n^—n,-. Hence Equation 6 
can be written thus : 

__hM 

n=nf-{-(ii^—n^e ^^ (68). 



If we write a for ^ — ^ and t for - ,> this becomes 

Uf IvM 



n=:7ij(l-'ae ^) (69). 

If Tij is nothing so that the motor starts from rest, a= 
and we get 

vt=7^Xl-e"^) (70). 

This equation tells us that if we switch on a motor 
constant resistance R and induction factor ilf, the sp( 
any time t seconds after connection is less than the fii 
speed Uj- by a quantity which is itself a fraction of tl 
final speed, the value of the fraction depending on the tii===^^ 
and on a certain constant t. 

The act of switching on the motor really amounts ^ 

changing the tension on the motor terminals from nothi^^^g 
to E. If the tension on the motor is J^i to begin with, ^* 

will already be running at a speed which we have call ^ 

Tip Hence if the tension of the line be changed so as ^ 
make the motor speed up towards a final speed n^, \:z^ ^^ 
speed at any time i seconds after the moment of maki-^'^ff 
the change will be given by the law expressed ^^7 
Equation 69. 

This equation will hold equally true if the tension ^^ 
the line instead of being increased is diminished ; in tb»-^^ 
case a is negative, and tlie spe^d at ^iny moment is grea't?^^ 
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^tan the final speed by an amount given by the 
equation. 

Equation 69 may be regarded still more generally. 
^Vq have seen that the speed of a motor is given by 

^ yj— , and that an alteration in any one of the quantities 

^^^aking up this expression will cause an alteration in the 
Speed. The eflFect of an alteration in the tension of 
^he line has already been considered. If the load is 
^iicreased c will increase, and the speed of the motor will 
fell to that given by inserting the new value of c in the 
expression for n. Similarly, if the load is reduced, the 
^otor will speed up according to the same law. During 
these changes the value of t will remain unaltered. 

If in Equation 70 we put ^=t, we see that the speed 

is -—Uy, or 0-632n., since e = 2-718. We find then that 
e 

^hen the time from the start is given hy t=T the speed is 

^ constant fraction of the final speed. The constant t 

^ight then be defined as being the time from the start 

^hen the speed is 0*632 of the final speed. We shall call 

^Ixis constant the Time Factor. We only know at 

Pi^esent that it varies directly as i?, inversely as M^ 

^^versely also as the constant I; the value of which we have 

^ot yet determined. 

By differentiating Equation 70 we obtain 

--e (71). 



dt 



T 



This gives us the value of the tangent to the curve at 
^^y moment, that is to say the acceleration. We see that 
*he acceleration at the moment of starting up from rest, 
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when /=o, is the final speed divided by the time facfcor. 
If the initial speed is not zero we have from Equation C5^ 

. = - -^e ^ or— =^^ le "^ (72). 

Thus when anything occurs to change the speed from 



n 



n,—n. 



to Tif. the initial rate of change of speed is -^ — ^ . This 

T 

measures the sensitiveness of the motor to changes of load? 
and will guide us when the specification precludes mor^ 
than a definite change of speed for certain brief and suddex^ 
changes in the running conditions. 

In the cases considered hitherto in which the speed L^ 
caused to vary, the change has been made suddenly. I — ^ 
part of the resistance in the circuit be in the form of 
rheostat, R may be reduced gradually as the motor speed — 
up, so that the current remains constant. This may b 
done by hand or automatically. The induction factor bein 
constant, the acceleration is also constant. If the moto ^ 
starts from rest, the current at the moment of starting i 

given by c, = --, and if r^ is the frictional current we ge 

XL 

at once the acceleration from Equation 63. The curren 
will remain constant until the rheostat is all out; th^ 

speed at which this will occur is given by n= — '—— 

where Cj is the starting current and It the resistance of the 
motor only. The motor will now speed up in accordance 
with the law of Equation 70. 

The following graphical construction will enable 
us to obtain the form of the acceleration curve. 

In Fig. 38 take oa equal to the number of seconds in 
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the time factor. Take fo equal to the final speed. Draw 
a vertical line through a^ cutting a horizontal through 
/ in d. Join od. Then od is the tangent to the accelera- 
tion curve at the origin, and dafao will be the initial 
^celeration. 

We know that when the time from the start is equal to 
^he time factor the speed is 0*632 of the final speed. Take 
*^ equal to this fraction of nd. The sjjeed at a will then 
^ represented by ah. 

We know also that the acceleration when f=T is equal 

^ the initial acceleration divided by e. Draw a line 

^nrough 5, making an angle with the horizontal whose 

^^gent is this fraction of dajao, this will be the tangent 

^ the curve at h. 

In Fig. 38 curve 7? gives the current drawn from the 
^^^. Since the current at any instant is given by 

^ ^== — I^^ , n being the speed at that instant, the equation 

^ the current curve is 

c=c,+ ^%"^' (79). 

The area of this curve gives the work done, since the 
^^nsion of the line remains constant. If oli is the final 

Current and op the initial current, then c=o]i+1q)X e '^• 
The tangent to the current curve at the origin is -^. If we 

take ag equal to oh, and join pg, this will be the tangent to 

the current curve at «. The current at ^ = r is ok+ J-, and 

e 

the tangent to the curve here is the initial value of the 
tangent divided by e. 
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The speed at any instant is given by n=^nf\—ae "^ ^• 
If the speed is constant for a short interval dJt seconds, ±>t»6 
number of revolutions made in this time is ndJt^ hence -fcfc*© 
total revolutions made between o and t seconds is giv^^^^ 

N^zn^ r(l-ae 0^^ (73)- 

Integrating this between the given limits, we have 

iV^=7vj^-aT(l-e'^)| (74>. 

If i is large compared with t we may neglect the expire ^" 

sion are '' , Hence 

N^n,\i^aT\ (75). 

If D is the total distance travelled in feet, as in the c 

of a railway motor, and Sf the final speed in feet per secoxx 

we can write 

T)^.8fH-'aT\ ..(76). 

If Q is the circular measure of the angle turned throu^^^ 

in i seconds, and if cd is the final angular velocity, v^^e 

have 

^ = «|^-aTl (77). 

This case is illustrated by the motion of a crane-stagT^ 

or turret. Care must be taken to see that the tern^ 

t 

are "" can be safely neglected. In Equation 75 ti/ is fooad 

from 71. = — TiT- -, where l'4<lCfM is the torque in inch- 

M i9-^ 

pounds required to overcome the frictional and other re- 
sistances to motion which are supposed to remain constant. 
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^^^ Equation 76 the speed /S can be shown to l^e 
'2G2 - of the revolutions per second .of the motor, where 

V 

^^- is the diameter of the car wheel. 

Equation 76 may be conveniently written 

t^^+ar (78), 

Trom these equations we can see the influence of the 
-"-^^^ci^ factor. Equation 76 showing the reduction in the 

^^^tance travelled when the time is given, and Equation 
^ "fche increase in the time when the distance is given. 

^^ X'eference to Fig. 38 will make this clearer. The area 
^'ti^yeen the acceleration curve and the time base measured 

^*^^^x^a the origin to any given point oa, represents the 
^^^ance travelled in that time. If the time factor were 
^^'^Tiing the distance would be given by ti/, that is, by the 
^^a oadf. The area ohdf represents the amount that has 
^ l3e deducted to give the true distance travelled in a given 
^^^e <, and is equal to wt, where n is the speed at i seconds. 

^ the term re ^ is neglected, the amount deducted is 

We now have to find the value of the constant 

7? 
^ in the expression for the time factor t = -— . Prom Equa- 
tion 63 we see that A; is a constant which multiplied 
into the accelerating current gives the acceleration in 
r.p.s. per second. If c^ is the accelerating current we 
can write : 

J=fo (80). 
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The acceleration a in f.p.s. per second produced by a f(F ^ 
of T pounds acting on a mass of W tons is given by 

_ 32-2 T _ 1 T ^.. ^ 

"^"2240 W^WoW ^ ^' 

If the centre of gravity of this mass rotate in a circle ot*- "* 
inches diameter, and if the motion is derived from a mot^^-^^^ 
with a velocity ratio of -y, we have 

T=2-82^c,, (82). 

Inserting this value of T in Equation 81 we obtain tM^ie 
following : 

^6=405- 10""^—- -"■ f.p.s. per second (83.) 

a W 

or a=28810-'^ 4r f-ps. per second (84). 

d W 

where t„ is the torque on the motor shaft available for 
acceleration. 

Now one revolution of the motor corresponds to a 

motion of the rotating mass of — - - feet. Hence the ac- 

12 V 

celeration of the motor is given by 

a^O'\ooM—~- r.p.s. per second (85). 

Combining this with Equation 80 we get the value of fc, 
namely 

A-=0155'-J|^ (86). 
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-^e time factor can be expressed thus : 

T= 6-45 iZTF -J- seconds (87). 

When the motion of the motor shaft is com- 
^nunicated to the main shaft by a clutch, the 

xiotor may run at full speed before connection. Let the 
moment of inertia of the moving portion of the motor, the 
armature, pulley, &c., be Jp and that of the main shaft mth 
the rotating mass T^. If the motor is running at n^ r.p.s. 
before connection, the kinetic energy of the motor shaft 
will be 27r^)ii^I^. If the speed immediately after connection 
is n^ r.p.s., the kinetic energy will be iirhi^Iy The 
difference represents the kinetic energy of the main shaft 

277-2 

immediately after connection, and this is - ^2%- 



v' 



The reduced speed, n^ of the motor shaft, is given by 
the equation 

n,^=..L n;' (88). 

V 

After connection the system will begin to accelerate, 
and the acceleration at any time can be found from Equa- 
tion 69, with due regard to sign and to the value of r. 
If the frictional torque is unaltered, the final speed of the 
motor will be the same as the initial speed. If the fric- 
tional torque has increased, we can find the new speed by 
inserting the new value of Cf in the equation for n^. 

We may have to design an equipment by which the 
main shaft can be started up without drawing more than 
a specified current of c^ auq^eres from the line. Th< 
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proper moment of inertia of the motor shaft is then giv^^^ 
by the equation 



A=l7-T-2^-f2 (89). 



where n^ is given by 



-.=^' -(90). 



Example 41, — The moving mass of a lift is perfectly 
balanced and weighs 1,500 pounds. This weight is moved 
by ropes wound on a rope drum 48 inches in diameter. 
The drum is driven by a motor connected to it with 
velocity ratio of 70, connection being made by a clutch 
which we may suppose to act without slipping, but with a 
certain amount of elastic giving. The induction factor 
of the motor is 5, and the resistance O'l ohm. The 
frictional current is 10 amperes, and the motor runs at 
24-8 r.p.s. on a line having a tension of 125 volts. We 
have to design an equipment by which we can throw 
on the clutch and start the lift without drawing more than 
40 amperes from the line. When the motor is drawing 
40 amperes, the speed will be 24*2 r.p.s., hence by Equation 
89 the moment of inertia of the motor shaft must be 0*004 
of the moment of inertia of the main shaft. If we neglect 
the moment of inertia of the rope drum and wheel, in 
comparison with that of the moving weight, we have 

7 = ; W is here the weight of 1,500 pounds, a is 

32 '2, and r the radius of gyration of the moving mass is 
two feet. Hence l2= 186*5. The moment of inertia of the 



f 
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motor shaft must therefore be 0*742, or the equivalent of 
^5*5 pounds acting at a distance of 6 inches from the 
centre of the shaft. 

The conditions of the preceding example are to some 
®^tent realised in the case of thoce lifts which are driven 
^y belting. The motor is always running, and when 
^^^ lift has to be started, the belt is thrown over from 
^ loose onto a fast pulley. In practice, the belt always 
^%s and stretches ; if it did not do so it would be impos- 
sible to work a lift on this principle, on account of the 
shock occasioned to the gearing. 

The rotating parts of a motor shaft generally have a 
moment of inertia sufficiently great to assist materially in 
starting, without any special alteration in the design. In 
order to make use of the principle to the extent that the 
theory indicates as possible, an elastic coupling would 
have to be contrived that would take up the shock and 
limit the acceleration of the car. 

The slipping of the belt might be utilised to effect a 
smooth start without using an elastic coupling. When a 
belt or coupling slips, the torque transmitted is limited to 
that at which slipping takes place. If the slipping torque 
is constant, the acceleration of the main shaft is constant, 
and so is the retardation of the motor shaft. The condi- 
tions then are as if a definite load — the slipping torque — 
were thrown on the motor. The motor shaft will be 
retarded, and the main shaft accelerated until the two 
speeds are equal, and slipping will then cease. The 
amount of retardation and acceleration will depend on the 
moment of inertia of the two shafts. The slipping of the 
belt in the belt-driven lift thus assists the start by 
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limiting the transmitted torque to that at which slippii 
takes place. 

In establishing Equations 82 to 87 we assumed tl».a 
the whole mass to be moved was situated so that its cenbr^ 
of gravity rotated in a circle of d inches diameter. In the 
case of a lift it is easy to see that the weight of the car is 
acting at a point on the rim of the rope drum, so that the 
mass that has to be moved may be considered as being 
virtually situated at a point d inches from the centre of the 
drum. Also, the mass of the drum or other rotating part 
may without difficulty be conceived as acting at the rim of 
the drum, the mass thus acting being, of course, such as 
will give the same moment of inertia as the drum itself. 

When, however, we come to the case of a motor driving 
a railway car it is not so obvious that the mass that has to 
be accelerated is now that of the car, and that the weight 
W in Equation 81, for instance, is the weight of the car. 
A reference to Figs. 13 and 14 may make this clearer. 
We have already shown that the dynamical conditions of 
the two cases here illustrated are identical, and that while 
in Fig. 13 the force T acts vertically through the rope, 
in Fig. 14 the same force acts horizontally on the car 
axle. Hence in the first case the mass that has to be 
accelerated is that hanging at the end of the rope, while 
in the second it is that of the car itself. 

We shall now give a graphic solution of the 
acceleration problem, by which we shall be able to 
take account of any variations that may exist in the value 
of the induction factor. 

We shall take as an example the motors used on the 
City and South London Railway. There are two motors 
on each locomotive, the armatures being placed directly on 
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the axles without gearing. The motors are connected 
permanently in series, and are also series wound. Their 
resistances are : magnets, 087 ohm ; armature, 0*3 
ohm ; total resistance of each motor, 0*387 ohm. We 
shall take the tension of the line as being 400 volts 
throughout. The wheels are 27 inches diameter. The 
weight of the train is 35 tons. 

A starting rheostat is used, and when this is all ont, 
the motors are left to speed up in series. The maximum 
current per motor, and hence from the line, will be taken 
as 150 amperes. 

The induction curve for these motors is plotted m 
Fig. 39, the horizontal ordinates representing current, 
and the vertical ordinates values of the induction factor. 
We must first find the values of the total torque in inch- 
pounds, and plot them on a speed base. The torque and 
speed can be obtained from the usual equations, remember- 
ing that since the motors are in series, the value of ^ 
is 200 volts. The speed can be reduced from revolutions 
per second of the motor to feet per second of the car by 
multiplying by the factor 262*10"^cZ, where d is 27 
inches. 

The results are plotted as a curve, A, in Fig. 40, the 
origin being at o, horizontal ordinates representing inch- 
pounds of torque, and vertical ordinates feet per second. 
When the speed is nothing, the current is 150 amperes 
per motor, the total torque is 13,280 -inch-pounds, and 
remains constant until the rheostat is all out. At this 
moment the speed of the car is found to be 16 feetp^'*' 
second, using the ordinary equation for the speed i^^ 
r.p.s., putting E = 0*387, and 0=150. The curve isthu^ 
straight as far as the point where the speed is 16 feet pe^ 
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second ; the torque will then rapidly diminish as the caJ 
speeds up ; we may plot the curve as far as 26 feet per 
second. 

From the records of actual performance we find tkat 
the average current at full speed is 70 amperes, giving » 
retarding torque of 5,760 inch-pounds, equal to a tractive 
effort of 42,000 pounds on 27-inch wheels. This includes 
all forces opposing the motion. Since the weight of tb© 
train, is 35 tons, this corresponds to a tractive eflTort of 
19-7 pounds per ton on wheels of 33 inches diameter. 

Construct a curve B giving torque available for acceler^i^ 
tion, by deducting from the horizontal ordinates of curve ^^ 
an amount equal to 5,760 inch-pounds; this curve wil^ 
cut the axis of torque at ^=7,610 inch-pounds, and thi-^ 
axis of speed at 21*2 t.p.s. This gives us the fin^-^ 
speed of the car, which is equivalent to 14*5 mil^^ 
per hour. 

Curve B shows that the accelerating torque is coi»' — 
stant from the start up to 16 fp.s., that it then rapidl;;^^ 
diminishes, until at 21-2 f.p.s. it becomes nothing; th^^ 
car then ceases to accelerate, and uniform speed i^^ 
attained. 

We here assume that the retarding torque remain^ 
constant at all speeds. This is not strictly correct, but it i^ 
probably not far from the truth. If the values of th^ 
retarding torques for different speeds can be obtained 
from experiments, the true form of the curve of accelerating" 
torque can be deduced. No experiments of this kind 
have been made with these motors ; we shall therefore take 
the average value, and assume it to remain constant at all 
speeds. 

Since the weight of the train is 35 tons, each motor 
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will have to accelerate 17*5 tons. Using the Equation 

84? we find the initial acceleration to be 0*463 f.p.s. per 

second. As the speed when the rheostat is all out is 

IS f.p.s., the acceleration will remain constant for 34*6 

seconds. Plot the first portion of curve showing the 

speed in f.p.s. on a base of seconds. Let the point p^ 

represent the time when the rheostat is all out. Draw 

a line at right angles to oj?,, passing through the 

point ^j, and cutting the speed base in Sy Draw a 

horizontal line passing through q^ and p^ cutting the speed 

base in t^. Then q^t^ is the accelerating torque at the 

point j?i on the acceleration curve, and the tangent at 

Ae point Pi is at right angles to the line drawn through 

Ae points q^^ on the torque curve and Sj on the speed 

base. 

We have then a general construction for drawing the 
acceleration curve. Take the point p^, where the accelera- 
tion ceases to be constant, draw a horizontal line to cut 
**ie torque curve in q^ and the speed base in f^ Measure 
^1^1 along the speed base, join q^s^, and from p^ draw a 
iitie at right angles to q^s^, and continue this line for a 
Period, during which the acceleration may be assumed to 
b© constant, say to the point p^. Now draw another 
borizontal line through p^, cutting the torque curve in q^, 
^'^d the speed base in t^; set off from t^ along the speed 
base a distance t^s^ equal to t^s^ ; join s^q^ and draw a line 
^^^tn j?2 at right angles to ^2^2) extend this line to a point 
P^y and so on. In the triangle (2'2^2''25 ^2^2 ==^1^1? ^^^ i^ 
^ Constant quantity, and q^t^ is the accelerating torque, 
^^ follows that the line drawn through p^ at right 
*^gles to q^s^ will be the tangent to the curve at p^ ; for 
. ^'^e tangent at any point of the acceleration curve represents 
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the acceleration at that point, and the tangent at p^ i® 

equal to the tangent of the angle ^2^2^25 ^^^* ^^ ^ ^7) ^^ 
proportional to the accelerating torque, and therefore t>^ 
the acceleration at p^. 

In this way we can construct the whole of tlom^^ 
acceleration curve, taking care to keep the points p^p^i 
closer together as the curve becomes flatter. The curv^ ^ 
will finally approximate to the speed of 21-2 feet p^^r r 
second. 

From the curve we can obtain the distance travelle 
at any time. Draw a vertical line through any give: 
time, cutting the acceleration curve; the area enclosoi 
between this line, the curve, and the time tase, will b ® 
the distance travelled from the start. Find these distance =^^^ 
for successive seconds, and then plot them as a curve D 01 
the time base, taking vertical ordinates as distance 
travelled. 

From the acceleration curve we can deduce the curren^^cr^^ 
curve E, showing on a base of seconds the current take*^ -^^ 
from the line. This will begin at 150 amperes, and will b» -^c^^ 
straight for 34*6 seconds, when it will rapidly slope dow*^ ^^^ 
and approximate to the uniform value 70 amperes. Th' -^^ 
area of this curve up to any point on the time base wi^^ '^ 
give the energy drawn from the line. 

The curves in Fig. 41 record the results of tests mad ^ 
on the South London E ail way with the motors prflvinnal^'^ 
described. They are constructed from data given in th -^ 
' Proceedings of the Institution of Civil Engineers ^^ 
vol. cxii. p. 246. The track is not level, as shown by tk ^ 
outline of the grades, which is drawn on a time base, ft-^^ 
that the position of the train on any grade can be seen »^ 

^. The distances travelled in 80 and 120 seconds ar^ 
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400 and 670 yards respectively, while the first 100 ya 
is covered in 36 seconds. The weight of the train is 
tons. 

The down grade at the station exit has been e 
structed to assist the locomotive in starting the train, 
this case the acceleration is increased by about 20 per c^ 
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CHAPTER VIII 

THE FORCE FACTOR 

The method of rating a motor in horse-power gives us no 
indication of its ability to accelerate, although the function 
of accelerating may be the most important that it is called 
upon to perform. We shall find it convenient to be able 
to describe a motor in terms of a unit that shall be indepen- 
dent of speed and that will tell us to what extent a motor 
is able to accelerate under given conditions. This must 
be a force unit and not a power unit. 

If a pulley of d centimetres diameter is placed on the 
shaft of a dynamo of induction factor M, carrying a current 
of c amperes, the tangential force at the rim of the pulley 
is given by 

r=-^^MclOMynes (91). 

If (Z=r_10^ centimetres, this may be written 

T=Mc dynes (92). 

The force of a dynamo may thus be defined as a force of 
Mc dynes at the rim of a pulley 10^ centimetres in cir- 
cumference. We shall call Mc the force factor of the 
dynamo. 
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Since M is equal to e, the induced volts, divided by 
n, the number of revolutions per second, it follows that 

Mc-= — , but ce is the work done per second, hence Mc is the 

n 

work done per revolution. If then we are given Mc and 
M, we can find the work done per second, that is the rate 
of working, or the power, by simply multiplying the 
product Mc by the number of revolutions per second. 

The ratio of the watts to the revolutions per second, 
sometimes called the ' mass factor,' has been used as ^ 
basis for the comparison of dynamos, its true significance 
not, however, being perceived. The fact seems to have 
been overlooked that the ratio of the induced volts to tb© 
revolutions per second is a constant, so long as the nunib^^ 
of useful lines per pole remains unaltered, being, in faCt) 
what we have termed the induction factor. 

While the force factor and the so-called ' mass factox" 
are one and the same thing, the latter is expressed in- ^ 
way involving the idea of speed, and consequently ^* 
power, while the former indicates the real nature of tb-^ 
ratio, showing that it is independent of speed, and ther^" 
fore not a power unit, much less a mass unit, but a foT<^^ 
unit. 

Example 42. — A four-pole dynamo with armatux*^ 
parallel connected, giving p=l, has 440 surface coT^' 
ductors, with 16*1 x 10^ lines per pole. The induction 
factor is 77 and the force factor for 600 amperes ^^ 
77x600 = 46*2 kilodynes; the power at 450 r.p.m. ^^ 
46-2 X 7-5 = 346 kilowatts. The dynamo is a General 
Electric four-pole railway generator. 

Example 43. — A ten-pole dynamo with armature 
parallel connected has 1,440 surface conductors and 
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3x10* lines per pole. The inductiou f»cU«r is IliJ. 
1 force factor for 1,500 nmpcres is H2x l,.'tlHt«ittl{i 
^ynes, and tbe power at ^0 r.p.iii. is j;i.'> kilawttttN. 
> djTiamo is a Weatinghouse ten-polo i-ailway )p>nepRtor. 
Example 44. — The niotora in use on thi' l.ivi'rimol 
;rhead Railway and on the City and Soutli loiiulon 
ilway are rated at about the saniu horse-iKtwrr. but (in 
aal test one of the Liverpool motors can oxfrt. n pull 
lal to that of two of the South London miitorH. wliori 
lal current is passing in all three. 
The motors on the Liverpool railway are tit>Hi((fie(l l.o 
nin parallel, two motors to each car, whil« thoHfl on fho 
irth London Railway are designed to run perinfuixnlly 
Knes. two motors also to each car. If the ti'^nition o( 
eline. t3ie speed, tlie diameter of the driving wli«el, unil 
e LoTB^power were the same in the two caw-K, ttii- 
docQan jitctor of tix Liverpool motom woold liave tf> !« 
ine l^iHi i:^ tbe Sootli Lcnidon oiotora. Huppo*v> tli>' 
iOKt to be 130 and G*i. thm for 1<W aviperes t\if for<* 
ctdR would i>e twelve axkd »x Icilodracw ntt^M^iv-lr. 
niBFeaidi afl^ ldv«rpugl oMtim woaH give twice tin: 
»«^Ibt puU of one uf tiie Swuth Loadon VKMin tv 
If «me c ni TB ir t. Tbe altefir cm ibe Lii'«3puu< -^arv 
"f a dismeteT of 3-3 inAee, wtnle dw»- on Il>^ Hotitl 
wdim cam bk- 27 inch'* Jlwinnin «j timi tl*e re^v^rrrivr 
■i*-!* pdk for KK' uu^erw woolid b- --'■■•■- -i, 
iflnee iSM at .pivBu aw'^'-j far ««■ Son* ■ 
■3(1 pom^. and fov oii'r '_. 
"We must not iuf^- f^-.' 
^Jtwipool «qt]i]jnieir v. 
^■fc feonti Loiiu'u 
fHd,)Rc&nee. attvum 
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the current per motor in the former would be half thafc in 
the latter, yet since the South London motors are in series, 
the current from the line would be the same. 

Example 45. — A motor that will draw a car at 
thirteen miles an hour, with a total tractive effort of 800 
pounds and a mechanical eflSciency of 85 per cent., would 
be rated as a 24 horse-power motor. Two such motors 
would drive a 10-ton car up a 5 per cent, grade with 
a train resistance of 20 pounds per ton. These motors, 
however, would not be able to start the car on this 
grade. They could drive the car when once started, 
but if it should stop on the grade, they could not 
start it again. In order to start up on the grade we do 
not need greater power, but greater force. Let us fin^ 
the force factor required to start up in 10 seconds. 
The final speed of 13 miles an hour is equivalent ^ 
19-1 feet per second; to make up this speed in 1^ 
seconds, the acceleration must be 19*1 f.p.s. per second* 
assuming uniform acceleration throughout. From Equ^^ 
tion 21 we find that if ^=500, 7; = 478, and d=33,^^ 
must be 41*7 and the final current 47 ampere^^* 
Inserting these values in Equation 83, remembering th^' "^ 
each motor has to accelerate half the car, we find tli-^ 
accelerating current to be twenty amperes, so that th^ 
total current from the line at the start is 67 ampere^- 
The motors then must be capable of carrying this current, 
so that the force factor must be 2,790 dynes. Thus, to 
drive the car up the grade we need a force factor of 1 ,960 
dynes, and in order to be able to start on the grade we 
have to increase the force factor by 42 per cent. 

Example 46. — A motor has to be designed for a lift 
which will raise an uubalawced weight of 2,000 pounds 
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at 200 feet per minute, the tension of the line being 
125 volts, the velocity ratio 75, the friction 1,400 pounds 
at the rim of the rope drum, the diameter of which 
is 36 inches. The resistance of the motor is 0*05 ohm. 
Inserting these values in Equation 20, we find the in- 
duction factor to be 4*45 and the final current 130 am- 
peres. The force factor required simply to drive the 
lift is thus 578 dynes. Since the total pull at the rim of 
the rope drum is 3,400 pounds, this motor would develop 
20 horse-power when running at full speed. 

If the lift had to act always at full speed, it would be 
sufficient to describe the motor as a 20 horse-power 
Qiotor; but this would give no information as to the 
ability of the motor to accelerate, since at the moment 
of starting the iorse-power is nothing. We have then 
to Und the force factor required to start up the car, say, 
in. two seconds. To get up a speed of 200 f.p.m. in two 
se^-oonds we require an acceleration of 1*67 f.p.s. per second. 
I^ vve suppose that the total mass to be moved is five tons, 
tb-o accelerating current as given by Equation 83 is 22 
atnperes, making a total current at the start of 152 
amperes. The force factor is therefore 676 dynes, or 17 
P^r cent, greater than that required to raise the car when 
o^^ce started. 

Suppose now that we had to reduce the time of stai-ting 

by one half, and to start up in one second. One way of 

stating the case would be to say that we needed a ' more 

powerful ' motor, but so long as the maximum load, the 

Wction, and the final speed remain the same, the maximum 

"^orse-power required remains unaltered, so that we do 

i^ot need more power, but more force ; we require a motor 

^ith a higher force factor. 
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We cannot alter M so long as the final speed 
specified, so we must double the accelerating curren 
making the total current at the start 174 amperes. Tl». 
motor would then be described as having an inductio 
factor of 4*45, with an armature capable of carrying IT ^ 
amperes safely — in other words, the force factor must t>^ 
775 dynes, or 15 per cent, greater than that required t^o 
start up in two seconds. 

Example 47. — A train and locomotive weighia^ 
780 tons have to mount a grade of 0*8 per cent, at 10* ^ 
miles per hour. Friction and other retarding forc^^ 
amount to nine pounds per ton. The tension of the lin.^ 
is 625 volts. Four gearless motors are used, permanently;^ 
connected in series, each having an internal resistance 
of 00209 ohm. Each motor has to move 195 tons at 0> 
tension of 1 56*2 volts. The draw-bar pull per motor for the 
grade is 3,490 pounds ; for friction, 1,755 pounds; allow- 
ing 95 per cent, mechanical eflSciency, we get 5,500 
pounds as the required tractive efibrt per motor; insert- 
ing this value together with those for E, R and 8 in 

M 
Equation 21, we find the value of to be 2 "32, v being 

unity. Take ilf= 144, d = (S2 inches. When running 
at full speed, each of these motors would be doing 
work at the rate of 158 horse-power, so that the total 
horse-power of the locomotive would be 632. This 
gives us, however, no indication of the ability of the loco- 
motive to accelerate. If a start has to be effected on the 
grade in 40 seconds, the final speed being 10*7 miles 
an hour, or 15*7 feet per second, the acceleration must 
be 0*393 f.p.s. per second. Inserting this value in 
Equation 83, we find the current required for acceleration 
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e 810 amperes, while that required for friction can 
shown to be 850 amperes, making a total current 
le start of 1,660 amperes and a force factor of 239 
iynes. 

^he weight of a dynamo, if the induction factor is 
bant, is mainly determined by the current that it 
jO carry, and may be taken as increasing very nearly 
rect proportion to the current. 

)n the other hand, the speed of a dynamo is limited 
ts weight, since for any given type of machine, the 
ht determines the diameter of the armature, and 
jfore the speed for the maximum permissible peri- 
al velocity, so that if a number of machines of the 
i type have to be made giving the same induced 
on, the heavier machines must have the higher 
3tion factors in order to give the same induced volts 
iver speeds. 

f the power of a dynamo is given, and the induced 

3n, either as motor or generator, the current is then 

, being the quotient of the power by the tension. 

current being fixed, the minimum weight is also 

for any given type of machine. Having obtained 

ninimum weight, we can then find the induction 

', as we know the highest permissible speed for a 

ine of this weight. The induction factor is ob- 

I by dividiD|^^|e given tension by the maximum 

We th^^^^Bke lightest dynamo that will give 

pared po^^^P|^^given tension, 

fi equal ^^^ ^^^-he weight of a dynamo in- 

"b. f ^actor, but not in direct pro- 

rpe the ratio of the induction 
8 slight^'' * ' '^^i^^ ^^\^\>. 
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Hence for equal force factors the weight will increase 
slightly with induction factor. 

In Fig. 42 the force factors of a complete set of four- 
pole dynamos of the same type are plotted on a base of 
weight. The nutnbers opposite each machine indicate 
the rated power in kilowatts. The force factors are 
plotted vertically in kilodynes. All these machines are 
for 125 volts. 

Example 48. — To find the lightest dynamo of this 
type that would give a power of 40 k.w. with 125 volts 
induced tension. The current is 320 amperes. The weight 
of a machine to carry this current must be 4,250 pounds, 
and a dynamo of this weight has to run at 960 r.p.m. and 
must have an induction factor of 7*81 in order to give 
the required induced tension at the maximum permissible 
speed. This is the lightest dynamo of this type that will 
give the specified power at the given induced tension. 
The force factor of this machine will be 2*5 kilodynes. 
We might have taken an induction factor greater than 
7 '81. Suppose we took M=10. The current would be 
unaltered, but the speed would be reduced to 750 r.p.m. 
and the weight would be increased to 6,250 pounds. 

We have already seen that a motor must have a larger 
force factor at the moment of starting than when giving 
the maximum power for which it is designed, and that 
when the speed at the maximum power is fixed, the 
increased force factor at the start must be obtained by 
increasing the current if M is constant. Hence a motor will 
be heavier in proportion as the force factor at the start 
is greater. 

Example 49. — The motor in Example 48 l^as a force 
factor of 2*5 kilodynes when developing its maximum 
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power. If a force factor of 3*5 kilodynes is required at 
the start and M is constant, the motor must be capable of 
carrying 450 amperes, and will weigh abont 5,300 pounds. 

The force factor curves afford a convenient comparison 
between dynamos of different types. Thus in Fig. 43, force 
factor curves are given for the four-pole type already 
referred to, and for a set of two-pole dynamos of 125 volts 
induced tension. Since equal force factor and equal speed 
give equal power, we see that a four-pole dynamo weighs 
less than a two-pole dynamo of the same power, and that 
for equal weight the four-pole machine carries more current 
than the two-pole machine, but runs at a slower speed, 
because the ratio of the diameter to the width of the 
armature is greater in the four-pole than in the two- 
pole type. 

The saving in weight is due to the fact that the 
four-pole type carries more current per pound than the 
two-pole type. It might appear that since the four-pole 
type has to run at a slower speed for the same weight 
than the two-pole type, it is at a disadvantage, and that if 
it could run quicker there might be a still further saving 
in weight. But this is not really so. 

A given power means a given current for given induced 
tension. It is the current that determines the weight, and 
it is here that the four-pole type has the advantage? 
carrying more amperes per pound. Now the weight deter- 
mines the speed for each type, and the speed determines 
the induction factor. If a machine of any type and weigh* 
could run quicker, it would simply mean that the induction 
factor might be less, but this would not lighten the machine, 
since the weight is determined by the current. The only 
'"^erence would be that the force factor would be less. 
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In Fig. 44 force factor curves are given for different 
types of dynamos. Curve A is for a set of four-pole belt- 
driven railway generators, and curve G for a set of ffli- 
pole direct connected railway generators, made by the 
General Electric Company. Curve B is for a set of foni- 
pole belt-driven railway generators made by the Walker 
Manufacturing Company. The power in kilowatts is stated 
opposite each machine. The dynamos are all for 550 volts. 
The current can be obtained by dividing the power in each 
case by the tension, and the induction factor can then be 
deduced by dividing the force factor by the current. 

In Fig. 45 the weights and force factors of a complete 
set of direct connected railway generators made by the 
General Electric Company are given. Particulars of these 
machines will be found in the table. The letters A, B^C 
refer to the method of winding the armature. 

It is instructive to take different machines designed to 
carry equal currents and see how the weight varies with 
the induction factor. Also to take equal induction factors 
and see how the weight varies with the current, and to take 
equal force factors and see how the weight varies with the 
induction factor. 

The force factor curve is really the combination of a 
number of different force factor curves for the different 
types, six-, eight- and ten-pole, only a certain portion of 
each being used in practice. In the diagram the current 
curve is assumed to be straight, and the curve of induc- 
tion factor is obtained by dividing the force factor by the 
current for each weight. 

Example 60. — To find the lightest dynamo for 500 
kilowatts. The current at 550 volts tension is 910 
amperes, and the weight from the current curve is there- 
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CHAPTER IX 

CONTROL 

The action of a motor during the time in which it is being 
brought up to speed from a state of rest is determined by 
the method of control. When there is a single motor a 
rheostat is used, the resistance of which can be varied by 
a switch worked automatically or by hand. The maximum 
resistance of the rheostat must be such that when connected 
in series with the motor at rest, the current from the line 
does not exceed the maximum safe current that the motor 
can carry. If the torque due to this current is greater 
than the frictional and other torque resisting the motion, 
the motor will begin to speed up, and the current will 
decrease. We may, however, keep the current constant 
by reducing the resistance as the motor speeds up. This 
process can be carried on until the resistance is cut out 
completely, after which we cannot prevent the current 
from getting less ; the motor will then speed up according 
to the law expressed by Equation 69. 

When two motors are used we find more than one 
possible method of control. If we take as an example a 
motor-car driven by two motors, there are the following 
alternatives : — 

I, The motors may be started and run in parallel. 
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ll. The motors may be started and run in series. 
HI. The motors may be started in series and run in 

To compare the relative advantages of these methods 
^^ shall take a practical case and work out the results for 
^^ol method. 

Suppose, then, that we have given the following data : 
^ motor-car weighing 40 tons is driven by two geariess 
Motors ; the wheel diameter is 33 inches ; the maximum 
^P^ed is to be 30 miles per hour ; the retarding torque is 
^OQ inch-pounds per ton of load ; the track is straight And 
^^Vel; the tension of the line is 500 volts; the minimum 
^^sistance per motor is 0*4 ohm; the maximum current 
Per motor is 200 amperes ; the maximum current from the 
Hne is 200 amperes ; the induction factor is to be constant. 
We shall divide the process into steps, each being dis- 
tinguished by a diflferent law of acceleration. 

Case I. Motors started and run in parallel. — 
Since the specification requires that the motors shall drive 
the car at a maximum speed of 30 miles per hour, with a 
frictional torque of 200 inch-pounrls per ton of load, the in- 
duction factor must be determined by these data. The car 
weighs 40 tons, therefore the load per motor is 4,000 inch- 
pounds of torque. As the wheels are 33 inches diameter, 
and the velocity ratio unity, a tractive effort of 242 pounds 
per motor is required. First suppose that the resistance 
of the motor is as small as possible — namely, 0*4 ohm. 
Using Equation 21, we find that M=9b'S. 

Step I. — Starting rheostat in circuit ; constant 
acceleration. The motors are in parallel, the maximum 
permissible current is 200 amperes, and the current per 
motor is 100 amperes. As the resistance of the motor is 
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The action of a motor during the time in which it is being 
brought up to speed from a state of rest is determined by 
the method of control. When there is a single motor a 
rheostat is used, the resistance of which can be varied by 
a switch worked automatically or by hand. The maximum 
resistance of the rheostat must be such that when connected 
in series with the motor at rest, the current from the line 
does not exceed the maximum safe current that the motor 
can carry. If the torque due to this current is greater 
than the frictional and other torque resisting the motion, 
the motor will begin to speed up, and the current will 
decrease. We may, however, keep the current constant 
by reducing the resistance as the motor speeds up. This 
process can be carried on until the resistance is cut out 
completely, after which we cannot prevent the current 
from getting less ; the motor will then speed up according 
to the law expressed by Equation 69. 

When two motors are used we find more than one 
possible method of control. If we take as an example a 
motor-car driven by two motors, there are the following 
alternatives : — 

I. The motors may be started and run in parallel. 
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II. The motors may be started and run in series. 

III. The motors may be started in series and run in 
Parallel. 

To compare the relative advantages of these methods 
^e shall take a practical case and work out the results for 
^ach method. 

Suppose, then, that we have given the following data : 
A motor-car weighing 40 tons is driven by two gearless 
motors ; the wheel diameter is 33 inches ; the maximum 
speed is to be 30 miles per hour ; the retarding torque is 
200 inch-pounds per ton of load ; the track is straight dnd 
level; the tension of the line is 500 volts; the minimum 
resistance per motor is 0*4 ohm; the maximum current 
per motor is 200 amperes ; the maximum current from the 
line is 200 amperes ; the induction factor is to be constant. 
We shall divide the process into steps, each being dis- 
tinguished by a diflferent law of acceleration. 

Case I. Motors started and run in parallel. — 
Since the specification requires that the motors shall drive 
the car at a maximum speed of 30 miles per hour, with a 
frictional torque of 200 inch-pounds per ton of load, the in- 
duction factor must be determined by these data. The car 
weighs 40 tons, therefore the load per motor is 4,000 inch- 
pounds of torque. As the wheels are 33 inches diameter, 
and the velocity ratio unity, a tractive effort of 242 pounds 
per motor is required. First suppose that the resistance 
of the motor is as small as possible — namely, 0*4 ohm. 
Using Equation 21, we find that M=9b'8. 

Step I. — Starting rheostat in circuit ; constant 
acceleration. The motors are in parallel, the maximum 
permissible current is 200 amperes, and the current per 
motor is 100 amperes. As the resistance of the motor is 
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0*4 ohm, the resistance of the rheostat on the first step of 
the controller must be 4*6 .ohms. The current used in 
overcoming the friction which we suppose to be constant 
at all speeds, is 29*6 amperes. The current available 
for acceleration is therefore 70*4 amperes. Inserting this 
in Equation 83 we obtain the initial acceleration — namely; 
0*415 f.p.s.* per second. If the resistance is taken out as 
the car speeds up, the current being kept constant, the 
acceleration will be constant until the resistance is all out. 
The speed is then given by the consideration that at that 
moment the motor is taking 100 amperes, and the 
resistance in circuit is that of the motor only, that is to 
say, 0*4 ohm. Inserting these values in the speed 
equation, we get 41*5 f.p.s., or 288 revolutions per minute. 
The time from the start is 100 seconds, and the distance 
travelled is 2,075 feet. These results are shown in Fig. 46. 
Throughout this step the current per motor remains equal 
to 100 amperes. 

Step II. — Starting rheostat all out ; motors speeding 
up according to law of Equation 69 ; acceleration 
gradually diminishing. 

From Equation 87 we find the time factor to be 61 
seconds. Since the final speed is 306 r.p.m., and the 
speed when the resistance is all out is 288 r.p.m., a is 
0*058, so that the speed at 61 seconds on Step II. is 300 
r.p.m., and the current per motor has fallen to 52*5 amperes. 
Now to find the distance travelled during this step, say 
in 80 seconds from the point when the rheostat was all 
out. We see that if the motor had attained its full speed 
immediately on Step II., the distance travelled would 
have been 3,520 feet ; but we must deduct from this an 
amount SjUt^ or 15 feet, so that the whole distance 
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travelled in 3 minutes from the start is 5,580 feet. Th 
distances travelled are plotted in Fig. 47. It is noticeabl 
how short a time elapses on Step II. before the final spee 
is practically reached, and how rapidly the current the 
diminishes. 

We might suppose that a greater initial acceler 
tion could be attained if the resistance at the start we 
wholly in the motor itself. If we look at the equati 
for if, we see that the greatest possible resistance th 




the motors can have is given by the equation jB=— — ^^ 



when E, T, and S are given. If B is greater than thi^5 
the equation for M is insoluble. In the case before "a-^® 
the limiting value for B is 43 ohms. If we adopt tb*-^^ 
value and the current is not to exceed 100 amperes p^^ 
motor, we cannot dispense with a rheostat. Suppose th^^*' 
we make our motors of 4*3 ohms each, and have besid 
a starting rheostat of 0*7 ohm. The expression und 
the root vanishes, and we find the value of the inductic^^"^ 
factor to be 49 1, that is to say, M must have this value ^ 
the car is to run at the specified speed with the giv^^^ 
load. The current required to overcome friction is nc^^*^ 
57*2 amperes, leaving 42*8 amperes available for m^^^'^ 
celeration. The torque available for acceleration is th^^^ 
2,960 inch-pounds, and the initial acceleration is 0*^*^ 
f p.s. per second, or about one-third of its former valu^ ^ 
so that, putting aside the question of the decreas^^ 
efficiency when running at full speed, we see that tb^ 
acceleration is nearly one-third of what it is when tb^ 
resistance is ()-4 ohm. It appears then that an increa-s^ 
in the resistance of the motor involves a decrease in the 
value of J/, and consequently in the acceleration. 
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Eeturning to the case when the motors have the 

lowest possible resistance, we can calculate how much of - 

the energy taken from the line is lost in the rheostat. — 

The total energy expended on the first step is -^ 

500x100x100 watt-seconds, or 369x10^ foot-pounds, ^ i, 
per motor. This is expended in three ways. 

1. In accelerating the car. At the end of 100 seconds ^s js 

the car is found to be moving at 41*5 feet per second; — .; 

taking half the weight, we find the kinetic energy, — — ' ^ — ' 

to be 120 X lO'* foot-pounds. 2. In heating the rheostatw^-^Maf? 
and motor. The mean resistance during 100 seconds is 2*7 "S^ 7 
ohms. The energy used in heating is thus 199 x 10^ foot — 



pounds. 3. In overcoming friction. This involves exertin^^^ g 
a force of 242 pounds through a distance of 2,075 feet^ e*^, 
giving 50 X 10"* foot-pounds. We can then construct ^^ a 
table of energy expended for one motor, thus : — 

Kinetic energy . . 120 x 10* foot-pounds 32*5 per cent. 
Heating . . . 199 x 10^ „ 54-0 

Friction . . . 50 x 10* „ 13-5 „ 

Total . . 369x10* lOO'O 

An inspection of Fig. 47 shows the influence of th( 
acceleration period upon the distance travelled in a givei 
time. If the distance travelled is considerable, the rate at 
which the car speeds up will have but a small influenc( 
on the distance covered in a given time ; but if the distance^^ 
is small, the time occupied in getting up speed becomes d^^ 
great importance. 

Case II. Motors started and run in series. — 
The termixidX tension on each motor is now 250 volts, andl ^ 
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the xesistance 0*4 ohm. We find from Equation 21 that in 
order to comply with the specification the motors must 
l^^ve an induction factor of 44. The current required to 
ov^ercome friction will be 64*4 amperes. Since the motors 
^^^ in series each will now carry the full current from the 
^ijie, namely, 200 amperes; hence the current available 
*^r acceleration is 135*6 amperes. 

Step I. — Motors in series. Starting rheostat of 1*7 
^hrns in circuit. Considering one motor and half the 
^^ight of the car, we get from Equation 83 an initial 
^^celeration of 0*367 f.p.s. per second. The speed when 
*^h^ rheostat is all out is 232 r.p.m., the time occupied is 
^1 seconds, and the distance travelled 1,518 feet. 

Step II. — Motors still in series. Rheostat all out. 
^oceleration diminishing according to Equation 69. We 
^^"ve T=29*l seconds, a=0*24. Hence in fifteen seconds 
^^ speed is 262 r.p.m., and the current is 145 amperes. 
"^t: 40 seconds the speed is 280 r.p.m. and the current 
^ 1^0 amperes; at 90 seconds the speed is 3026 r.p.m. 
^^d the current is 70 amperes. These results are also 
^^own in Figs. 46 and 47. 

We see that this method compares badly with that of 

^^asel., both in respect of the distance travelled in a given 

^ime and of the' energy expended. The rheostat is all out 

^t a lower speed, and the high time factor causes the 

^urve to bend over as the car speeds up. The final 

Current for two motors is 64*4 as compared with 59*2 

Amperes in Case I. 

If we consider the car as ' started ' when the motors 
lave attained a speed 300 r.p.m., or 29*5 miles per hour, 
^e can find with a planimeter the area of the curve 
giving the work done when this speed is attained. The, 
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car is started in 160 seconds ; the total energy taken from 
the line is then 972x10^ foot-pounds; in the first case 
the car is started in 107 seconds, and the energy is 
753 X 10* foot-pounds. 

Case III. Motors started in series and run in 
parallel. — This is known as the * Series-Parallel ' method. 
Since the motors are to run at full speed in parallel they 
will have the same induction factor as in Case I. ; hence 
3f=95-8. 

Step I. — Motors in series. Starting rheostat of 1"7 
ohms in the circuit. Frictional current 29*6 amperes. 
Current available for acceleration 170*4 amperes. The 
initial acceleration is then 1*005 f.p.s. per second. 
The speed of the motors when the rheostat is all out is 
106*4 r.p.m. The time on Step I. is 15*3 seconds, and the 
distance travelled is 118 feet. 

Step II. — Motors in parallel. Rheostat again in 

circuit. On switching over to parallel the current from 

the line must not exceed 200 amperes. If X is the 

resistance in series with each motor at the beginning of 

Step 11. we have, since the speed is the same as it was 

T ^ 1 u ^ VI.- 250-200 x*4_ 
immediately before switching over, — ^ 

500- 100 xX ^^ x= 3*3 ohms. As the internal resist- 
M 

ance is 0*4 ohm, we shall need a rheostat of 2*9 ohms i^^ 

series with each motor. The current per motor will then 

be 100 amperes. The speed of the motors when tbi^ 

resistance is all out is 288 r.p.m., as in Case I. The 

acceleration here is 0*415 f.p.s. per second, the time 

occupied is 63 seconds, and the distance travelled 1,789 feet* 

Step III. — Rheostat all out. Acceleration diminish 
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ig according to Ekjoalioii 69. This step will comm^mce 
b 78 seconds firom the start The form of the cutv^b will 
e the same as those in Case L The car wilj b^ started 
1 87 seconds, and the esiergy iaihem from the line in tlist 
ime is 605 x 10^ foot-poands. Tbsst reBuht uv Mb^/wu 
1 Figs. 46 and 47. 

This method is better Aan €ath*sr of tlie ifjrm*^ 
lethods. The gain is made on t^ &ret utep. wy^rt tii^ 
cceleration is high. This step, kwrerar, hutit tmrr i^jr J v 
3conds, as the motors speed np so qfodoj ihn:; ihtt r^fMAsf- 
\ soon all ont. 

If at the end of the first step we sJjsmt Ouk iMfj^jr* -V^ 
3eed up in series they wiD attabi a fsdhZ ^b^^ '£ '. 4^ 
p.m., and this speed will be reached ia accar f& ^0»'jv^. 
* 40 seconds from the momeiil of xsatin^, W> :n^ 
>niiect the motors in paiallel at anj momeat wiif.«^ *:(^ ^> 
>eeding up in series. Thus in Fig: 48 they am irfi«vKrn -a 
ive been connected in parallel ju^ at the moment grH«m 
U speed in series has been reacjied. They no^ v^A xv^ 
in Fig. 46, fall speed is reached in 1>5 seconds, mth ;*n 
T)enditure of energy of 4&7 x 10* foot-pounds, ft f}\vk<^ 
►pears that there is a saving of energy in allowini^ th*» 
otors to attain full speed in series, but there is a loss ^f 
3ae amoonting to 15 seconds. The energy r^ved ia 
>t increased if the throwing over into parallel ia delayed 
p any number of seconds, but the loss of time ia prr^ 

be connected in parallf^l at the 
aon on Step I. ia the i^amo aa 
*^'^und in Fi^. 18 by 
•on of Sfpp r 
^ There ^wfNwX^ 
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then be no abrupt change in acceleration, and therefore 
no shock, as there is in the case illustrated in the figure. 
The car would then be started in 80 seconds, with an ex- 
penditure of 562 X 10* foot-pounds. This is, therefore, the 
best method from the point of view of the time occupied. 
If the motors are allowed to speed up in series after this, 
there is a small gain in energy but a loss in time. 

The results of the previous calculations may for 
convenience be arranged in tabular form as follows : — 



— 


ParaUel 


Series 


Series— Parallel 


Induction factor 


95-8 


44-0 


95-8 


Time factor . 


61 


29-1 


6-1 


Final current, total from 


69-2 


64-4 


69-2 


the line 








Initial acceleration, f.p.s. 


0-415 


0-367 


1-005 


per second 








Initial accelerating torque, 


9620 


8400 


23000 


inch-pounds 








Time occupied in starting. 


107 


160 


80 


seconds 








Distance travelled in 


770 


1450 


700 


starting, yards 








Energy expended in start- 


753 X 10^ 


972 X 10^ 


562 X 10* 


ing whole car, foot- 








pounds 









We shall now illustrate the three methods of control 
ere described by diagrams of current and acceleration 
btained in practice. 

In Fig. 49 curves are given showing the variations 
1 the current during the process of starting up a car 
weighing 6*25 tons by two different methods of control, 
he dotted line is the current curve obtained with the 
arallel method. The first step is irregular, owing to the 
ay in which controlling apparatus is handled. The 
3Cond step is, on the whole, clearly shown. The full line 

o 2 
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gives the current curve obtained by starting up the same 
car by the series-parallel method. The gradual decrease 
of the current during the second stage of the first step is 
clearly marked, the irregularities being due to the uneven 




10 IS 

Seconds 
Fig. 49 '"^^ 



handling of the controller. The hump in the curve at v^^^ 

seconds from the start is due to a step in the controK^^ 

which weakens the magnets, thereby increasing the curf^^ 

momentarily, and slightly mcreaaing the speed. Thef ^ ^ 
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no advantage in this, as it merely extends the time of 
speeding up under a low acceleration, and involves 
complications in the controller connections. The motors 
are thrown into parallel at eleven seconds from the moment 
of starting. At this point the car has almost ceased to 



ISO 




accelerate, so that it is subjected to a sudden shock which 
would be avoided if the motors were not permitted to speed 
up in series. Step II. is slightly rounded off, but Step HI- 
is well shown. 

In these experiments the parallel method gives a quicker 
start with a greater expenditure of energy. We must not 
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assume that the parallel method necessarily takes a greater 
current than the series-parallel method. We may adjust 
the starting rheostat so as to take the same cnrrent in boti 
cases, but the parallel method would then occupy a longer 
time in starting. Neither of these curves represents the best 
start that might be made with the two different controllers, 
but they afford a fair comparison and show the superiority 
of the series-parallel method. 

In Fig. 50 a curve is given showing the current taken 
by the motors on the Liverpool Overhead Railway. In 
the test of which this curve is a record, the weight of 
the train was 39 tons, and the average tension of the line 
484 volts. For further particulars the reader is referred 
to Mr. Thomas Parker's paper in the * Proceedings of the 
Institution of Civil Engineers/ Vol. CXVII. 

This railway is equipped with motor cars each canying 
two series-wound motors controlled on the series -parallel 
method. No gearing- is used, and the wheels have a 
diameter of 33 inches. The curve gives the total current 
from the line for one train. The notch in the curve repre- 
sents the period during which the motors are speeding np 
in series. When the current was cut off and the brakes 
])ut on, the train came to a standstill in 19 seconds. 

We may notice that these motors have a very high 
internal resistance, amounting to as much as 1*04 obras 
each, made up as follows : — armature resistance 0*67 ohm; 
magnet resistance 0*37 ohm. I'he object of making the 
resistance so high appears to have been to get as much as 
possible of the resistance at starting in the form of con- 
volutions on the armature, the supposition being that if 
the starting rheostat could be entirely dispensed with, a 
much greater starting t(^>rque could be obtained. 
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The specification, however, called for a definite maxi- 
mum speed — namely, 30 miles per hour, and we have 
already seen that when the final speed is given, the 
greater the internal resistance, the smaller will be the 
induction factor, and consequently the smaller will be the 
torque for any given current. The induction factor of 
these motors with 100 amperes in the series- wound 
magnets is 172, giving a tractive effort of 1,460 pounds 
per motor on 33-inch wheels. If the resistance had been, 
say, 0*387 ohm per motor, the induction factor — to run 
at the given speed — might have been 184 at 100 amperes, 
giving a tractive effort of 1,560 pounds. The high resist- 
ance thus involves a loss of over 6 per cent, in the 
starting torque. Some motors recently designed for this 
line have a resistance of 0*83 ohm (vide Paper by 
Mr. S. B. Cottrell published in the ' Electrician ' of 
October 9, 1896). 

The motor cars of the City and South London Railway 
are each equipped with two series-wound motors controlled 
on the series principle. Diagrams of current and accelera- 
"fcion, the resalts of experiment, have been given in Fig. 41. 
The weight of the train is 35 tons ; the tension of the line 
is 400 volts. The motors are gearless, with an internal 
i^esistance of 0*387 ohm each. As these motors have to 
make up their speed in series, the induction factor will be 
less than half that of the Liverpool motors. The value of 
this factor for 100 amperes is 61 (see Fig. 39) and the 
tractive effort is 610 pounds, the wheels being 27 inches 
in diameter. 

If we take the friction to be the same as for the 
Liverpool motors — namely, 20 pounds per ton on 33-inch 
wheels, the* tractive effort required to overcome this friction 
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will be 430 pounds. This leaves us with only 210 pounce -^s 
per motor for accelerating, as compared with 1,030 in tlir^le 
Liverpool motors. This difference is due to the fact th^^ -^t 
the friction absorbs so large a proportion of the tot^^*^ 
tractive effort. Speaking roughly, we may say that tw— ^^^o 
of the Liverpool motors in series will give for the 
current twice the pull of two of the South London motoi 
in series, and that the accelerations will show a still greate^^^r 
difference in proportion as the friction is increased. 
the friction, instead of being 20 pounds per ton on 33-inc 
wheels, is 10 pounds per ton, the acceleration of the Soul 
London motors is increased from one-fifth to one-third thi 
of the Liverpool motors. 

Figs. 51 and 52 contain the records of tests mac 
on the Buffalo and Niagara Falls Electric Railway 
Messrs. H. P. Curtiss and H. 0. Pond. A full accoui 
of these experiments may be found in the ' Street Railwj 
Review ' for July 1896. We may here note the foUowii 
data : — 

The cars on which the tests were made were 36 fee 
in length and weighed 13*6 tons. Each car is equi] 
with four G. E. 800 motors, one on each axle. The vel( 
city ratio is 4*78 and the wheel diameter 33 inches. Thz 
motors are controlled on the series-parallel method 
pairs, thus : Step I., two in series, two in parallel. Step I. 
four in parallel. The average tension of the line at 
car was 550 volts. The track where the tests were raa( 
was straight and level. 

The vertical ordinates of the current curves give tfc^^'^ 
total current for the car, so that when in series the curre^^==^^ 
per motor may be taken as half, and when in parallel, 
one-fourth of the ordinate of the current curves. 
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The vertical ordinates of the acceleration curves give 
*^^ speed of the car in feet per second. The base of both 
^^Xjeleration and current curves gives the time in seconds, 
^Basured from the moment of starting. 

The curves of induction factor and torque for the G. E. 
"Oo motor have been given in Fig. 21, and may be taken 
^^ representing very nearly the action of the motors used 
^^ the Buffalo and Niagara Falls line. 

Fig. 51 gives the record of a test arranged to effect a 
Continuous start. The point at which the motors are 
^lirown over into parallel can only be detected from the 
Current curve, the acceleration curve being unbroken by 
^iiy sudden change of curvature. This means that the 
^tjart was effected without shock. The dip in the current 
^urve at six seconds from the start shows that the motors 
"Were allowed to speed up in series for a short time, but 
Xiot long enough to cause a shock in the transition to 
parallel. In other words, the change over was made when 
"the acceleration in series had diminished to the value of 
^he acceleration on the parallel connection. 

The current per motor at the start was 60 amperes, 

l3ut the full current was not thrown on at once, a period 

of about two seconds elapsing before the maximum current 

per motor is reached. If we take the initial friction to be 

■twice as great as the running friction, the current must 

rise to 72 amperes before the car will begin to move. The 

friction decreases to the running value directly motion 

commences. 

When the motors are thrown into parallel connection 
the current from the line rises from 120 to 200 amperes, 
while the current per motor decreases from 60 to 50 
amperes. The form of the current curve as the motors 
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^J>eed up is well shown. The final current is 18 amperes 
f>er motor. 

The mean current for the first four seconds from the 
tnoment when the circuit is made appears to be 75 
Amperes. This would give us a total torque per motor 
(^see Fig. 21) of 2,430 inch-pounds. Deducting the frictional 
torque corresponding to a current of 18 amperes per motor 

namely, 755 inch-pounds — we have 1,675 inch-pounds 

available for acceleration. Since the weight to be 
accelerated is 3*4 tons per motor, the acceleration is 
2*05 f.p.s. per second. The acceleration curve has been 
drawn as if the acceleration were constant from the moment 
of making the current ; this is not strictly correct. The 
curve should cut the time base about one second from the 
origin, but it gives a fairly accurate measure of the mean 
initial acceleration, which by measurement appears to 
T^e about 2*1 f.p.s. per second. 

Fig. 52 is the record of a test in which the motors 
were allowed to speed up in series. The current taken 
does not appear to have been quite so much as in the 
case represented in Fig. 51. The form of the current 
curve is well shown, both with the series and with the 
parallel connection, and indicates the jerk experienced 
when the motors are thrown into parallel, the accelera- 
tion at this point being greater than at the moment 
of starting. The energy required to attain a speed of 
35 f p.s. is less than that required by the method illustrated 
in Fig. 51. 

The diagrams show a considerable increase in the 
current taken from the line at the moment when the 
motors are thrown into parallel connection. It is in- 
structive to inquire if this increase is necessary, and to 
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I 

^^ to what extent the motion of the car is affected by the 
^Oiint of current taken at this point. 

Let us take the case of a car equipped with two G. E. 

^0 motors, whose induction and torque curves are 

^^ven by the diagrams in Fig. 21. Suppose that the car 

^^eighs 10 tons, that it runs on 33-inch wheels, with a 

Velocity ratio of 4*78. Let the tension of the line be 500 

^olts, and the resistance per motor 1 '245 ohms. Suppose, 

^Iso, that the frictional resistances are 325 inch-pounds of 

torque per motor, so that the car would take 24 amperes 

"when running at full speed with the motors in parallel. 

If the maximum current per motor is 50 amperes, we see 

from the torque curve in Fig. 21 that the corresponding 

torque would be 3,700 inch-pounds. Deducting the 

frictional torque, we have 3,375 inch-pounds available 

for acceleration, from which we find the acceleration 

to be 2 '8 f.p.s. per second. The results are plotted in 

Fig. 53. 

The motors will be in series up to the point a; after 
this, three cases have been taken ; the first assumes 50 
amperes per motor when in parallel, the second 35, and 
the third 25 amperes. The corresponding current curves 
give the total current from the line in the three cases. 
The acceleration when in parallel ceases to be constant 
in each case at the point /. The areas of the acceleration 
curves have been integrated with a planimeter, and the 
distances travelled plotted in three curves, of which the 
vertical ordinates represent feet. From these curves 
we can obtain the time required to cover any distance, 
and also the corresponding energy for each of the three 
maximum currents, 100, 70, and 50 amperes, lettered in 
the table A, B, and respectively. If we take distances 
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• 300, 400, 500, and 600 feet, we get the results shown in 
■^^ following table : — 



Distance 

travelled. 

Feet 



Time occapied. 
Seconds 




Energy used. 




1,000 foot-pounds 




A 


B 


c 


361 


423 


438 


417 


477 


605 


465 


528 


563 


506 


576 


610 



We see that when the distance is greater than 300 
feet, the difference in time between the 100 and the 50 
ampere arrangement is constant, and equal to seven 
seconds. The actual difference in the energy increases 
slightly with the distance, the smaller current involving 
1 greater expenditure of energy; but the percentage 
difference remains very nearly the same at all distances. 

Since the difference in time for a given distance 
becomes constant, it follows that the difference in energy 
must also become constant. This would be clearer if the 
current curves were continued to the point at which they 
coincide ; we should then see that the difference in the 
shape of these curves was only at the beginning, and that 
an increase in the distance travelled simply means adding 
an equal area to each. 

We may think of two cars on parallel lines started up 
at the same moment, one taking 100 and the other 50 
amperes. The former will start off quicker, but in time 
they will both attain the same speed, and the former will 
then keep seven seconds ahead of the latter. The difference 
in the energy for any given distance is evidently the 
difference occasioned during the period of starting. 
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When the stops are frequent it becomes w( 
to consider the saving of time effected by takin 
current at the start; but in suburban traflSc 
sideration would be of small importance. On 
hand, we must remember that it is mainly the 
the current curves for individual cars that are r( 
for the irregular load at the power house, and 
advantages of a steady demand will probably 
any gain that might result from a small saving ii 
of starting. 
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CHAPTER X 

TIME CURVES 

We shall now consider to what extent we can improve the 
conditions of starting by a suitable choice of induction 
factor, velocity ratio, and diameter of driving-wheel. 

The problem presents itself in two ways. 1. The 
final speed is specified, and we have to design an equip- 
ment that shall start up from rest and attain a certain 
fraction of the final speed in the shortest time for a given 
current from the line. 2. The final speed is not specified, 
and we have to design an arrangement that shall start up 
from rest and cover a given distance in a given time with 
the least possible expenditure of energy. 

We may here restate the equation for the initial 
acceleration : — 

a=405-10-^ ~ ^ f.p.s. per second ...(93). 

In this equation c,, is the cuiTent available for accelera- 
tion, and W the weight in tons per motor. If the maximum 
current per motor is given, c^^ can be found by deducting 
from it Cf the current required to overcome the frictional 
and other retarding forces. 

p 
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For the present we shall assume that the inductio 
factor remains constant. First let us take the 
where the final speed S in miles an hour is sped 
fied. We have 



From this we see that when i^, T^ S, and IS are given, th 

ratio "— - is fixed. Referring now to Equation 93, we find J 
(I 

that under these conditions the only way of increasing the -^ 

acceleration is to increase c„. When the maximum current ^^^ 

is fixed we can do this only by reducing the value of c^, ^^ 

and this is given by the equation 

'v=.l!'-v/('-'«™)} » 

Hence since E^ E^ 1\ and S are all fixed we cannot alter "'^ 
(y We conclude then, that when the final speed, the value "^ 
of T. and the maximum current are fixed, the initial ^ 
acceleration is also fixed. 

As an illustration we may take the case of the motors ^ 
used on the Baltimore and Ohio Railroad. The conditions ^ 
are as follows : —A freight train weighing 780 tons has to * 

start from rest on a grade of 08 percent, and move up the 
incline at 10*7 miles per hour. The train is to be drawn 
by a locomotive equipped with four motors, which are 
permanently connected in series across a 625-volt line. 
The motors an^ gearless, the internal resistances when 
hot, are for the armature 0*0154, for the magnets 0*0055, 
^r»tal 0209 ohm. The maximum permissible current is 
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^>800 amperes. The tractive effort required for the train 

^8 9 pounds per ton of load. 

The given weight includes that of the locomotive, 

^d the tractive effort required for the latter is to be 

reckoned in the same way as for the train ; each motor 

^^s then to draw 195 tons with a tension of 156*2 

^olta. 

The draw-bar pull per motor for the grade is 3,490 
pounds, and for friction 1,755 pounds, making altogether 
'^>246 pounds. If we allow 95 per cent, as the mechanical 
efficiency of the motors, the value of T to be inserted in 
^SiUation 94 is 5,500 pounds ; using the given values of 

^> 'S', E, and v, we find that -_ = 2-33. We have thus a 

d 

^J-de range of possible values of M and d^ any of which 

^uld satisfy the required conditions, but whatever values 

^^ taken we shall find the time of starting up to be the 

^^ine. 

We might, for instance, take M = 150 and rf= 64 inches, 

^fc^e friction current would then be 795 amperes, and the 
^^elerating current 1,005 amperes. From Equation 93 
^e find the acceleration to be 0*49 f p.s. per second. The 
^peed when the rheostat is all out is 13*3 f.p.s., and the 
'time occupied on this step is, therefore, 27 seconds. The 
time factor is 4*8 seconds from Equation 87. If we 
Consider the start to have been effected when the speed is 
0*98 of the final speed, the time must be increased by 2t, 
Bay by 1 seconds, so that the train will have been started 
in 37 seconds from rest. Nothing is gained by increas- 
ing the induction factor or the diameter of the driving- 
wheels. The values actually used are: ilf=3l44 at 800 
amperes, and c2=:62 inches. 
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The induction curve for these motors has been given i^ 
Fig. 31. The value of M at 1,800 amperes is probafc^lj 
about 165, but the test was not carried up to this point. 

Fig. 54 gives the current curve on a time base, ^^ 
actually observed, and is taken from a paper by Mr. L. iH- 
Parker in the * Street Railway Journal' for March 18^?^- 
At 0*98 of the final speed the current is 930 amperes j 
in the figure this is reached at 45 seconds from fi.:»^^* 
making the current. But we see that eight secon»-^^ 
was occupied in increasing the current from nothing "^ 
800 amperes, which is that required to overcome frictio^' 
so that the train could not begin to move until 8 secorx*i^ 
after the current was first made, giving us 37 seconds :f^^ 
the actual start. 

We shall now consider the case isrhere the final sp^^^^ 
is specified, and the value of 2\ instead of being fixed ^^ 
before, depends upon the value of d. This is the cs^^^ 
in motor cars, where the resistance to motion consists in- ^ 
torque tf at the car axles to which the motors are gear^^' 

2 
Since T=-^tf we can reduce the value ot T by increasix^^ 
d 

the size of the driving-wheel, the value of t^ the frictiorJ-^ 
torque, remaining constant. By putting 2/ for 2^ in EqU-^^ 

tion 95 we see that the ratio —. increases slightly wi't** 

an increase of d for a given speed. The frictional curre*** 
is given by the equation 

From this we see that c^ decreases with an increase in ^f 
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but is independent of v, in other words, we can reduce 
the current required to overcome the Mctional resistance 
by increasing the wheel diameter but not by altering the 

velocity ratio. Since, however,-— is given by the final 

Cu 

speed, when d has been fixed we can reduce M by increasing 
V, i.e, we can lighten the motor by increasing the velocity 
ratio, although we cannot thereby reduce the running 
current. We must also note that if we increase d we 
must at the same time increase If or v to maintain the ratio 

- constant. 
a 

In street railway equipments v is usually taken as large 
as possible, to reduce the weight of the motor, while the 
size of the driving wheel is generally limited by structural 
considerations. 

Example 49a. — Take the case of a tramcar. 
Suppose that the frictional torque per motor is 8,100 inch- 
pounds at the car axles ; and that we have given JE/=500, 
B=l-25, -¥=60, v=4-78, d!=33"; maximum current 
from the line 60 amperes, TF=8 tons, series- parallel control. 

Then we get Step I. Frictional current 20 amperes ; 
accelerating current 60—20 = 40 amperes; acceleration 
3*52 f.p.s. per second ; time 1*5 seconds. 

Step II. — Accelerating current 30 — 20 = 10 amperes; 
acceleration 0*88 ; time to full speed, assuming acceleration 
constant, 10 seconds; total time required to start 11*5 
seconds. 

Now suppose that we put on 54 instead of 3S-inch 
wheels. To get the same final speed as before, 14*3 f.p.s., or 
9*75 m.p.h., we must make 'y=7*81. The frictional current 
is now 12 amperes, so that the accelerating current on the 
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first step is 48 amperes, and the acceleration 4*3 f.p.s. per 
second, and the time 1*2 seconds. On the second step the 
acceleration is 1*61, the time 5*65 seconds, and the total 
time of starting 7 seconds. So that by putting on larger 
wheels and increasing v we have reduced the time of 
starting from 11*5 seconds to 7 seconds. 

It appears, then, that when the resistance to motion 
consists of frictional torque at the axles, as in motor cars, 
we can reduce the time of starting by putting on larger 
wheels and increasing v or M ; but that if the resistance to 
motion is in the form of draw-bar pull, as with locomotives, 
we cannot quicken the start by increasing the weight of 
the motor and the diameter of the driving-wheels. 

The reduction of the frictional and other 
resistances to motion is thus of great importance, 
for we can thereby reduce the frictional current and have 
a greater proportion of the total current available for 
acceleration. 

Let T be the total tractive effort produced by a given 

current, Tf the frictional and other resistances of a train 

T—T 
weighing W^ tons. The acceleration will be -^----^ f.p.s. 

per second. 

If the frictional resistances are reduced to T., we can 

get the same acceleration as before with a train weighing 
TFg tons, where W^ is given by the equation 

T _\ 
W.^l^J^W, (97J. 

This equation tells us by how much we can increase 
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the weight of a train without reducing the acceleratioi 
when the resistance to motion has been diminished in tl 
ratio of yLt to 1 . It appears that for any given reductio 
of the frictional resistances, the possible increase in tl 
weight diminishes with the acceleration. 

Example 50. — The trains on the Liverpool Ovei 
head Railway were made up of two cars, each weighii 
19 tons, giving 38 tons as the weight of the train. Ej 
train was driven by two motors taking 160 amperes 
the start when in parallel, or 80 amperes per motor. Tl 
resistance to motion appeared to be 410 pounds per mot( 
from the record of the current taken by the motors wh( 
running at a uniform speed. The question arose as 
whether an additional car could be put on each train if tl 
resistance to motion were reduced by the use of roller bea» 
ings, the acceleration and the maximum current from tM^:^ ^ 
line remaining unaltered. Tests were made showing that:> ^ 
train fitted with roller bearings offered only one-fifth of tlfc^^ 
resistance to motion at the moment of starting, of that oC^ ^ 
train with ordinary bearings. This gave yLt=5. Exper^^^'* 
ment showed that the tractive effort per motor for 80 amperr^ ®^ 
was 1,100 pounds. Using these values in Equation 97, ^^=^® 
find that the weight of the train may be increased to 56 tc^ '^^ 
with unaltered acceleration. At the moment of starti^^*^? 
the motors are connected in series, and then switched o>^^^^ 
into parallel ; this affects the result slightly in favour ^^ 
the roller bearings, the time of covering the first 400 yan '^^ 
being, by calculation, 57 seconds with ordinary, and — -^^ 
seconds with roller bearings. If no other alteration ^^ 
made, the final speed will be increased by the introducti- ^^ 
of the new bearings' from 26 to 48 miles an hour. 

We have now to conaideY the case isrhere the fliB.^ 
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is not giYen, but may be made anything we 

Suppose that the' distance B in feet that has to be 
Covered and the accelerating current per motor are given. 
-*-*i^ problem then before us is to determine the values of 
^^ 1), and d, so that the distance may be covered in the 
^^ortest time. 

We may divide the whole period of motion into two 

*^^Trfcs, thiat of acceleration and that of uniform speed. We 

*^^11 assume for the present that the parallel method of 

^>>trol is used, and that the motor or motors speed up 

^tih uniform acceleration until full speed is reached. 

In Fig. 55 let hb represent the time occupied in ac- 
celerating, ba the final speed, and hg the time occupied in 
C^lnpleting the given distance ; the area hafg will then 
"*^ej)resent the whole distance travelled. 

We know from Equation 93 that the acceleration 

^^ries inversely as -— . We may express this by the 
^c^uation 

5^=4 (^«)' 

1 

"W-here fc, is a constant and ^= -— . 
* Mv 

The na* peed is given by the equation 

s,= 262 X 10-^x^x^^^^ f.p.s (99), 

\vliere E is the tension of the line and CfR the internal 
drop at full speed. If c^R is specified, the final speed 
Avill be independent of variations of Cj, which will, as we 
have seen, decrease slightly when d is decreased. In other 
words, if we are at liberty to fix the drop by ad^ustim^ tlaa 
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^l^ue of i?, the final speed wiL xiaj itraes^ m lit fear 
^^'^er of fi. We mar eJ i|M»afe i4q* ii^ Vlemf^ z 

«?-=i^ '?'r. 

^^re A-2 is a constant. 

It appears then thai br Tagjiiig ifc- 'CTKnt*r->g :if -ck*^ 
^^Ving- wheel, the indncdon l^ebor auni lai*- i^'xyrr nrj-. 
_ ^ can varv the war in wlncli tfcf e3T«E. Ssisu'.i*' i* 'j-^^^r*sL 
> for instance, we pnt on a smaZl wfeel, -w-*- iJiAl i«f: i 
^^gh acceleration and a kyw find «»«£. viaia. ^11 vra 
^^ reached, and most of the dSsCBbCK' wx- b*- si^r*"'^^ ir 
^dl speed. If, on the other hacd. ir-e -sBst h jxrz^ v i**^ 
^e shall get a low acoeloatiQii aod a i5^ iik ^^im^^. 
^hich will be reached oohr after a «:iiHa6*t*rj> it;>v- / 
time, perhaps not at all. and oksI -cr aZ ciT liiftr 'Ii*r*ii'>»' 
Vill be covered daring the a ccg-lcutO Lig perVji *>*^-»*>*rL 
these extremes there is a ccfruon Ta2iif»r rf ir tcutr v-,V. 
enable ns to cover the given dtftannf ^ 'JKr Ar:rv-^-. -;.iii> : 
this we now proceed to det^rmiiKL 

The area Ju^g nun- be expmsed dns : 

2)=i|**/y+it^x'^ yrx. 



We have alao Wi = ^/P, and '^=. * - t ^* i? 



; i»*rj*> 



the time occupied is given bv 

i=*A+i9=/^ -i^i^^ :oi, 

To find the vidne of ^ that make* t&aa a s&^, jm'^^'s; 
difierentiate and eqnale to» WjtkiiHr: tJv» ^^ "^ 
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But -|^ = — ^-3-— J ; hence we find that bg=^hh. i 



bh A: 2 /S^ 






I 



The given distance will then be covered in the shortest 
time when the distance travelled during the process of 
acceleration is equal to that travelled at full speed, the 
time of acceleration being two-thirds of the whole time. 

Substituting for k^ and Jc^ their values as given by. 
Equations 93 and 99, we get 

(M.y='''ww-'wy (1^2)- 

We thus see that when a train of weight W tons has 
to be started from rest and moved through a distance of 
D feet, the tension of the line being E volts, the accelerating 
current c„ amperes, and the internal drop when running 
at full speed c^R volts, the time occupied in covering the 
given distance is least isrhen the equipment is so de- 
signed that half the distance is covered during the 
period of acceleration. In order to secure that this 

may be so, the ratio ■— - must be that given by Equation 

102. If the ratio — - is greater or less than that given by 

this equation, the time occupied will be greater than it> 
need be, and to reduce the time we shall have therefor( 
to use a greater accelerating current. 

In Fig. 55 time curves for different distances ai 
drawn on a base of seconds. The dotted lines give tli_ ^ 
acceleration curves for wheels of different diameters aft^<J 
equal values of M and v. Thus we see that when JD is 20 <? 
yards, a 40-inch wheel will cover the distance in the short^^s^ 
time, while a 20-inch wheel will take about 10 secoa<3? 
longer. The condition a^^aum^^ ia, that with a 40-iac4 i 
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wheel the acceleration is 1*5 f.p.s. per second ; the final 
speed is 30 feet per second, M, v, c„, and IF, being the 
same in all cases. 

We here assume that we are dealing with one motor, 
or that if two motors are used, they are connected in 
parallel throughout. If there are two motors, connected 
first in series, and then in parallel, the accelerating current 
from the line remaining the same throughout, that is, the 
accelerating current per motor when in series being twice 
what it is in parallel, the best result is not obtained when 
half the distance is travelled during acceleration, but when 
about two-thirds the distance is thus covered. It follows 
that the best diameter for the series-parallel method of 
control is rather larger than that for the parallel method, 
the ratio of the cubes of the diameters being very nearly 
as the square root of two to one. If then we wish to find 
the best diameter for the series-parallel method of control, 
we may substitute 0*834 for 0*59 in Equation 102. The case 
when the accelerating current per motor is the same through- 
out the whole process of acceleration is discussed later on. 

Equation 102 shows that for any value of Mv 
there is a certain value of d that will cover the given 
distance in the shortest time. If cZ be made larger or 
smaller than this, the time occupied will be increased. 
We shall find, however, that there is a considerable range 
of values above and below the best value, for which the 
time occupied difiers but little from the shortest time. 

While the best value of ,^ enables us to cover the dis- 

Mv 

tance in the shortest time, it does not do so with the least 
expenditure of energy. The larger the value of - -- the 
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smaller is the acceleration, and the greater the final speed ; 

hence by increasing -_ we lengthen the period during 

which the motor is accelerating, and during which the 
maximum current is being drawn from the line. As this 

period is smallest with the smallest value of -^ the 

Mv 

energy expended in covering the given distance will 

decrease with - , so that if —.- is areater than the best 

Mv mv ° 

value, the time is longer and the expenditure of energy in 

accelerating greater, while if ^_- is less than the best 

Mv 

diameter, the time is also longer, but the expenditure of 
energy in accelerating is less. Hence in order to save 
energy during the process of acceleration, we should 

increase the ratio as much as possible, so long as we do 

not thereby lose too much time in starting. 

We must now consider the effect of changes in the 
values of Mv and d upon the total current taken 
from the line. The current required to overcome the re- 
sistance to motion may be expressed thus : For motor cars, 
where the resistance may be considered as a constant torque 

of tf inch-pounds on the car axles, we have C;.= *71 ^- 

Mvi 

showing that Cj. is independent of d. For locomotives, 
however, where the resistance to motion may be con- 
sidered as a constant pull on the draw bar of T pounds, 
Td 



C/= 



2'82Mv 



, showing that c^ increases with d. 



CH[. X TIME CURVES 228 

Now when c„ is given, we can reduce the total current 
from the line by reducing c^. Hence, in both motor cars 
. and locomotives, we should make Mv as large as possible, 
to reduce c^, and then insert in Equation 102 the values 
of M and v that have been chosen, and find the best dia- 
meter. This will enable us to cover the given distance in the 
least possible time. In choosing values of M and a we 
must remember that the weight of the motor increases 
with M. 

In the case of a motor car, we cannot further reduce the 
frictional current c^ by decreasing d. We can, however, 
thereby diminish the time during which the motor is 
drawing the maximum current from the line. This will, 
of course, increase the whole time occupied, since the 
diameter found from the equation gives the least time. It 
may, however, be worth while to sacrifice a few seconds if 
we can reduce the time during which the maximum current 
is being drawn from the line. 

In the case of a locomotive, we can save current in two 
ways by decreasing d ; first because Cj^ decreases with rZ, 
and secondly because the period of acceleration is thereby 
shortened, as with motor cars. The reduction of the 
diameter of the driving-wheel is therefore of greater 
importance in the case of locomotives than of motor cars. 

Example 51. — A motor car weighing 40 tons is 
equipped with two motors controlled on the series-parallel 
method, each having a resistance of 0*4 ohms. The tension 
of the line is 500 volts, the frictional torque 6,600 inch- 
pounds on each axle, the maximum current per motor, and 
from the line 200 amperes, and the distance to be covered 
700 yards. 

The following table gives the time occupied and the 
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energy expended in covering the given distance und^ ^ 
different conditions : — '■ 



D 

yards 


M 

! 

150 


1 
(1 
inches 

200 


1 
amperes 

31 


t 
seconds 

1290 


foot-pounds 1 
whole car J 


V 


700 


36 X 10* 




700 


150 


330 


31 


89-2 


38 X 10* 




700 


150 


400 


31 i 

1 


83-5 


45 X 10* 




700 


150 


44-2 


31 


820 


51 X 10* 


. ( Best diameter 
^ \ forilf=150 


, 700 


150 


480 


31 


82-4 


57 X 10* 




700 

1 

1 700 
' 700 

700 

1 


150 
100 
150 
200 


560 
27-3 
44-2 
60-7 


31 
46 
31 
23 


85-6 
88-1 
820 
79-5 


63 * 10* 

. 66 X 10* 

51 X 10* 

48 X 10* 


. ( Full speed not 

t reached C^ 
y j Best diameter 7^ 

\ for this M. ^ 
, j Best diameter ^ 

1 for this M 
^ f Best diameter 

1 for this 3f 


! 700 

1 


150 


44-2 


31 


820 


1 51 X 10* 




1 

700 


150 

1 


93-5 


j 15-5 


77-5 


46 X 10* 

1 


2 

1 



We assume that the accelerating current from the lin^ 
remains the same, hence the best diameter is obtained from 
Equation 102 by using the numerical constant 0-834. The 
time occupied has been worked out by taking each step 
separately. 

In obtaining these results we have assumed the accele- 
rating current from the line to be constant throughout the 
period of acceleration. Thus in the case when the diameter 
is 44*2 inches, c,=31 amperes; the accelerating current 
per motor when the motors are in series is 169 amperes, 
the acceleration is 1*161 f.p.s. per second, the distance 
travelled is 74 feet, and the time is 1 1 seconds. When the 
motors are in parallel the accelerating current per motor 
is 69 amperes, the acceWa\\.oT\. \."& ^*\T^, \.W diiRtance 
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^^^^^lled is 1 ,309 feet, and the time is 51-7 seconds. Full 
^P^ecl is 37-6 feet per second, and the rest of the distance, 
f^^ feet, is covered at this speed in 19 seconds, making 
^^ all 82 seconds. 

Example 52. — A lift has to be designed to start 
^^m rest and raise an unbalanced weight of 1,500 pounds 
^^ough 15 feet; the frictional torque on the drum 
^^le is known to be 8,000 inch-pounds ; the total mass to 
^-^^ moved is 2*5 tons ; the tension of the line is 125 volts ; 
4^e accelerating current is 25 amperes ; the drop at full 
^ J)eed is not to exceed 10 volts ; the diameter of the rope 
'^rum is 36 inches, and the velocity ratio is fixed at 70. 
-1^0 find the induction factor that will cover the distance in 
^he shortest time. ' Using Equation 102, we find that the 
induction factor has to be 2-72. The acceleration is 
2*14 f. p. s. per second, full speed is 5*7 feet per second, 
^nd the total time is 4 seconds. The torque on the 
drum axle due to the unbalanced load of 1,500 pounds, 
together with the frictional torque, make up 35,000 inch- 
pounds, giving a final current of 131 amperes. As the 
drop is limited to 10 volts, the resistance of the motor 
must be 0'0765 ohm. The total current at the start 
will be 156 amperes. 

If an induction factor of twice the above value were 
taken, we could reduce the final current to 65*5 am- 
peres. The time would be increased to 5*6 seconds. 
For if =8*16 the running current would be 43*7 amperes, 
and the time 10 seconds. 
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These results are tabulated below : r 



M 



2-72 
5-44 
8-16 



Acceleration 



2-14 
4-28 

6-42 

t 



Fiual speed 



5-70 
2-85 
1-90 



Total current 
to start 

156 
90 
69 



Time of cover- 
ing 15 feet 

40 

5-6 

100 



Example 53. — A crane has to lift a weight of 
half a ton from rest to a height of 20 feet. The induction 
factor of the motor is 60 ; the velocity ratio is 5 ; the 
frictional torque on the drum axle is 5,000 inch-pounds ; 
the tension of the line is 500 volts ; the accelerating 
current must not exceed 40 amperes ; the drop at full 
speed is to be 50 volts. To find the diameter of the drum, 
and the value of B, so that the weight may be lifted in the 
shortest time. 

Equation 102 gives at once 50 inches as the best 
diameter. We then find the acceleration to be 19*4 f.p.s, 

per second. Full speed is given by equation ?i^= -~ /_ • 

since CjR=60 volts, we can deduce the value of the 
final speed ; it is 19-7 feet per second ; the time of 
acceleration is I'Ol seconds; the distance covered in that 
time is 10 feet ; the remainder of the distance is covered 
in O'ol second, making the whole time 1*52 seconds. 

The torque on the drum axle, due to the weight, is 
28,000 inch-pounds, which added to the frictional torque 
makes the total torque 33,000 inch-pounds; the final 
current is 78 amperes, so that the resistance of the motor 
has to be 0*64 ohm. 
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CHAPTER XI 

DESIGN OF RAILWAY MOTORS 

We shall now proceed to determine the best 
arrangement for starting up from rest and 
covering a given distance in a given time. 

If we are at liberty to adjust li so that the drop at full 
speed is independent of M, v, and d, the best arrangement, 
if M is constant, will be that in which the motor accelerates 
for two-thirds of the given time, and covers one-half of 
the given distance during the period of acceleration. 

We have then two conditions given by the two processes 
of accelerating and running at full speed ; the first is 
deduced from the formula s = ^ft^^j from which by substi- 
tuting the value of the acceleration in terms of M, r, and 
dy remembering that s=^D and t^ = ^f, we obtain the 
equation Mv _ DW 

d-^^^c^f ^^"'^)- 

Mr 
This gives us the best value of \ in terms of the 

a 

accelerating current c„. We have, however, to satisfy 

the condition that one-half the distance is covered, at full 

speed, in one-third the given time ; substituting the value 

of the final speed in terms of M, v, and d, we get 

^^^: =0-1747 A(i</-c,E) (104). 



t 
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The greatest possible value of - is when E is " 

66 



'^'^ut^ grtjatesL possiuie vame oi j- is wneii n u j 

nothing ; hence the least possible accelerating current 4b1 
would satisfy the conditions is given by the equation 



>?i 



c-,=3l8^^^ (105). 

If we detennine the value of c„ by this equation, and 
insert it in Equation 103, we shall find that the running 
conditions require that R should be nothing. We must 
then make c„ a little larger than this. 

Example 54. — A car weighing iO tons has to be 
equipped with two motors controlled on the parallel method, 
operating on a line having a tension of 500 volts. The 
frictional and other resistances retarding the motion 
amount to 4,950 inch-pounds of torque on the car axles. 
The motors have to be designed to start up from rest and 
cover 400 yards in 80 seconds. 

The least possible accelerating current is given by 
Equation 105, where D is expressed in feet, and W in 
tons. Inserting the given values we get c,,=35*8 
amperes. As the motors must be of some finite resistance, 
put c„ equal to 10 amperes, and use this value in Equa- 

"ir 

tion lO'i ; we find that the best value of ^-.j- is 5-2. 

a 

If the motors are to be gearless the induction factor is 

thus found to be as 5*2 times the wheel diameter. To 

make the motors as light as possible, take d as small as 

pcssible, say 30 inches, then M becomes 15G. If gearing 

is introduced the motors can be made lighter ; thus if 

' == 1, and the wheel diameter is ()0 inches, the induction 

'c-tor is 78. We shall assume v to be unity. 
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We now find that the acceleration is 0'421 f.p.s. per 
second, and that the motor will accelerate for 53*4 
seconds ; the distance travelled in this time is 600 
feet; full speed is given either by 53*4 times 0-421, 
or by three halves of Djt, both giving 22*5 feet per 
second, or 15*3 miles per hour, and the distance covered 
at this speed in the remainder of the 80 seconds is 600 
feet. 

The frictional current is 22*5 amperes : knowing the 
final speed we can determine the drop, which is 54 volts ; 
hence the resistance of the motor must be 2*4 ohms. This 
is more than it need be. By taking c,,=38 amperes, we 
find the resistance to be 1*4 ohms. We may of course 
make it anything we please. 

Taking the accelerating current then as 38 amperes, 
the value of M will be 164*4, and c^. will be 21-4 amperes ; 
the starting rheostat must be arranged to carry 59*4 
amperes, and the motor must be designed to carry this 
current for the whole period of acceleration. 

Suppose, now, that instead of using the best diameter 
we had taken 6^=40 inches, M being the same as before. 
Full speed would not be reached, and the car would take 
87 seconds to cover the given distance. If, on the other 
hand, we had used a motor with a higher induction factor 
than the best, say M=200, the acceleration would be 
0*540 f.p.s. per second, but the final speed would fall to 
18*7 feet per second, or 12*8 miles per hour, and the car 
would take 81*6 seconds to cover the 400 yards, so that 
there would be no gain by increasing the weight of the 
motor. 

We have seen that the best arrangement is that in 
which one-half the given distance is covered at full speed 
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iu one-third of the given time. The final speed is there 
fore given by the equation 

s^=l-5^ 106. 

t 

Now is the mean speed; hence for the be^'fc 

z 



arrangement the final speed is 50 per cent, greater tha» 
the mean speed. We have here the practical limit of tt»- 
application of this principle — namely, the limit of spee< 
since the use of the best diameter involves high speeds fc:^^ 
long distances. If, in Example 54 for instance, the tiir»- ^ 
was kept fixed at eighty seconds, and the distance to h^^ 
travelled increased to 800 yards, the final speed woul-'^ 
increase to 30-6 miles an hour. This is shown in th^-® 
following table : — 



Time. I Distance. ] Mean speed. 

Seconds Yards Miles an hour 



Pinal speed. 
Miles an hour 



80 400 

80 800 

80 I 1,200 

80 1,600 

80 2,000 



10-2 


15-3 


i 20-4 


30-6 


30-2 


45-9 


40-8 


61-2 


51-0 


76-5 



In working out this problem we assume that whe::^^^^ 
more than one motor is used the motors are connecte ^*^^ 
in parallel. We have now to see how these equatiou^^" ^ 
apply when two motors are connected in series at th*—^® 
start. 

When connected in parallel throughout, the acceleratio^^^ 
is uniform up to full speed. If the motors ai^"^ 
oonneoted in series at starting, we get the sairB^ 
acceleration as before Nvit\i Yei^'^ e.\xYY^\it from the lin.^- 
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Thus in Example 54, an accelerating current of 10 
amp^YQg pgj, motor gives an acceleration of 421 f.p.s. per 
secoxid ; if the motors are in parallel, we require 80 amperes 
fro^^ the line to accelerate the whole car. If, however, the 
^^■fcors are in series, we only require an accelerating 
c^**xrent of 40 amperes from the line. Hence the series- 
P^^^llel arrangement enables us to get the same acceleration 
^ l>efore with half the* accelerating current from the line, 
^ long as the motors can be held in series. Our calcula- 
^lOx^g ^jii then be unaltered except in this, that during 
"^^ time that the motors are in series the accelerating 
^^t^rent is half that given by Equation 105. In the case 
^^oted, the motors will remain in series for 25 seconds, 
, ^ring which time the current from the line will be 59*4 
^^Stead of 118*8 amperes as with the parallel connection. 

It is of course always possible to reduce the time 

^Cicupied in covering any distance by increasing the 

Accelerating current, without altering the general design. 

T?hus in Example 54, if the accelerating current were 

doubled, we should cover the 400 yards in five-sixths of 

the previous time, or 67 seconds, with M=lb6 and 

cZ=30 inches. The accelerating current would then be 72 

amperes. We could, however, obtain an equally good 

result with less expenditure of current, either by putting 

on wheels 52 inches in diameter, or by inserting gearing, 

r==l-73, keeping M unaltered; in either case we should 

cover the 400 yards in 67 seconds with only 62 amperes 

of accelerating current. 

Thus far we have assumed that the induction factor 
remains constant throughout the whole period ; we must 
now consider the effect of the variation in the 
value of M due to series winding. 
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Let us take the case of a tramcar weighing 10 toi^ 
driven by two motors working on a line having a tensic^ 
of 500 volts. Suppose that we have to design a^-^ 
arrangement by which the car will start up from rest ^\\(^^ 
travel 500 feet in 30 seconds. The motors are to be serie^^ 
wound. 

First find the least possible accelerating current per"^- 

motor by Equation 107, remembering that W=5 tons. 

We get c,, = 29'5 amperes. Take 30 amperes to allow for 

the resistance of the motor. From Equation 103 we find 

Mv 
that the best value of is 5*15. For the present we 

may take y=4*78 and <i=33 inches, giving ilf=35*5. 

The maximum speed is 25 feet per second or 17 miles 
an hour. If the frictional and other resistances retarding 
the motion amount to 3,580 inch-pounds of torque on the 
car axle, the corresponding current will be 15 amperes, 
and the resistance of each motor must therefore be 
0*6 ohm. 

The initial acceleration will be 1*25 f.p.s. per second, 

and the current of 45 amperes will be constant until the 

starting rheostat is all out, at which point the speed of the 

. -n u • V 500 — 45x0-6 OAA 
motor will be given by n= ~ =800 r.p.m. 

35*5 
The speed of the car will therefore be 24*2 feet per second. 
Thus we see that if the induction factor is constant, the 
acceleration can be maintained constant up to a speed 
of 97 per cent, of final speed ; after this point the motor 
will speed up according to the law already given in 
Chapter VII. ; the error involved in assuming that the 
acceleration is constant up to full speed will be small, and 



"^IJ. 



XI DESIGN OF KAU.WAV MOTOKS 



r^-if' rii' 1 


-" 1 M ' i ■ ' ' > 1 -f 


1 ' 




Xw-"- I 








\- i s 






1*4 .. 




h^ 1 


:;; : l=l| 


mI.s. 


^r" * \ 




X ■ ■ 






' i i . 


! ^r -+- 




' <;_ 




I Sn 


' 1 ' 


S *» 




1 i % 


;j5 : : . 


^ E, 




*E 


'i/ J : " 


"s ; 


._^ . J 


\ -k 


N. 




>^ 


'^^J- 


^ i L 


^^. 


- ^/ 




=-■ ^-^S, 


2l 


"■~- x ^^ 


,*^T - 


; :--3:.-"^^ 


j^ ji 


X -. !^ 


LU=ti,liJ_il 


h N rrHjy> 



234 THE DIRECT-CURRENT MOTOR CH. XI 

the actual distance covered will l)e very nearly equal to 
that calculated. 

These results have been plotted in Fig. 56. The accele- 
ration is constant from p to a, and the speed is practically 
constant from a to b. The area oabc represents 500 feet. 
The car accelerates for two-thirds of the whole time, 
namely 20 seconds, during which time the distance 
covered is 250 feet ; the remaining 250 feet is covered in 
10 seconds. The error due to the assumption that the 
acceleration is constant up to full speed does not amount 
to one foot of distance. 

This is the form of the acceleration curve if the 
induction factor remains constant and equal to 35'5 
throughout the whole period; the given distance is 
then covered in the given time with the least possible 
accelerating current. Any other values of v or d would 
require a longer time or a greater accelerating current to 
cover the distance in the given time. The current curve 
for one motor has been plotted in the same figure. The 
area of the curve 'pdefc represents the energy expended in 
covering the given distance. 

We shall now consider the influence of series winding 
on the acceleration and current curves. In Fig. 57 
let values of the current be measured horizontally 
and values of M vertically. Take ah equal to 15 
amperes, and set up hh equal to 35*5 on the vertical 
scale. Then h is a point on the induction curve of the 
motor. Produce ab to cut a vertical line drawn through (I 
in the point c, where ag is 45 amperes. Then gCy equal to 
lOG of M, is the greatest possible induction factor the 
motor can have for 45 amperes. For the induction curve 
oi' a sei'ies-wound motor cannot be convex to the current 
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axis, but may be a straight line, if no part of the iri^ i 
in the magnetic circuit is magnetised over the bend of th^^ 
magnetisation curve. Now in this case the induction curv^ 
must pass through the point fc, for the motor must hav^^ 
3f=35*5 for 15 amperes; hence the greatest possible valued 
of M for 45 amperes is found by making the induction ^ 
curve a straight line passing through the point b. 

Our calculations hitherto have shown us that the motor 
must have an induction factor of 35*5 at 15 amperes, and 
that the maximum current at starting must be 45 amperes. 
We have not, however, determined what must be the value 
of the induction factor for 45 amperes. All we know is 
that if the induction factor is constant for all currents and 
equal to 35*5, we shall cover the given distance in the 
given time. We shall see later on, that the greater we 
can make the induction factor for 45 amperes the greater 
will be the economy of starting. 

It is clear that there are an infinite number of possible 
induction curves all passing through the point &, but having 
different values of M for 45 amperes, all less than 106. 
Any one of these curves would comply with the specification 
as to time and distance, but none of them would be so good 
as the line ahc from the point of view of economy. 

We have seen in a previous chapter, that when the 
maximum current to be carried by a motor is fixed, the 
weight W increases nearly with M, the maximum induction 
factor. We shall assume that W^JcM, where Jc is some 
constant. Hence of all possible induction curves that 
might be chosen, abc will give the best results, but will 
involve the greatest weight. 

In practice the weight of the motor will be limited; 
let as suppose that the \in\\t \^ ^\xe\\ tlvat the greatest 
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P^x*inissible induction factor for 45 amperes is 71, or twice 
'^^.t for 15 amperes. Our induction curve then has to 
P'^^s through the point /. 

It might now appear that we are obliged to adopt a 
^^sign that would not give us the best results, on account 
^^ the limit of weight imposed, but this is not the case if 
^*^^^ are at liberty to adjust the values of the v^elocity ratio 
^>^d of the wheel diameter. 

Neglecting the heat drop at full speed, we see from 
equation 104 that the induction factor hh can be written 

A/;=0-1747 ^-'^ (107). 

^VVhile if T is the retarding force in pounds at the car axle 

vve have 

7V7 1 Tl) 
«/t=4;-i=2-03:^^^ (108). 

-Hence the inclination 6 of the induction curve to the 
horizontal, as given by the ratio of hit to lia, can be ex- 
pressed thus : — 

0=0-086^,^./^ (109). 

When jE, t, D, and 2^ are fixed, we can reduce this 
inclination by increasing v or by diminishing d. We can 
thus make the best induction curve go through any re- 
quired point on the vertical through r/ by properly 
adjusting the values of v and d. 

If in this example we increase the velocity ratio in the 
proportion of 106 to 71, we get i;=7'15 ; with this value 
off, and with rZ=33 inches, the best induction curve gives 
a maximum value of M equal to that required by the weight 
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limit. We shall thus not only fulfil the conditions as 
regards time and distance, but we shall do so in the most 
economical way. 

We may here notice that the inclination of the 
induction curve to the horizontal may be written 

0='^^pAgSlO-' (110). 

Where p is the number of polar divisions of the armature 
connected in series, A the number of surface conductors, 
8 the number of turns per pole, each carrying the 
whole current, and (/ the permeance of each polar gap in 
centimetres. 

It will however generally happen that the weight 
limit requires a velocity ratio that is practically unattain- 
able even with the largest values of d. We have here the 
same problem that occupied our attention in a former 
chapter, namely, to get the greatest ratio of v to d. For 
single reduction spur gearing this ratio is limited by the 
clearance between the car axle and the ground. If we take 
a 33-inch wheel we could not make v as much as 7*15, 
the value required to get the best results. We shall here 
suppose that the largest possible value of v is 4*78. We 
shall then have a bent induction curve, such , for instance 
as that given by the line ahf. In what follows we shall 
take this as the induction curve of the motor. 

Construct the curve dp of total torque on a speed base, 
measuring torque horizontally and speed vertically. By 
deducting the retarding torque, 750 inch-pounds on the 
motor shaft, from each horizontal ordinate of this curve we 
get the curve of torque available for acceleration. This has 
been drawn at U in Fig. 56. 
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Draw^^ to represent an acceleration of 3*12 f.p.s. per 
Second. This is the acceleration for 45 amperes per motor 
with i¥=71. The total torque is now 4,500 inch-pounds, 
^nd the whole retarding torque is 750 inch-pounds, 
So that the accelerating torque is more than twice 
what it was when M was 35 '5. The speed of the car 
"When the starting rheostat is all out is 12*1 f.p.s. The 
acceleration curve can now be constructed from the 
torque curve by the method described in Chapter VII., and 
continued until the area included is equal to 500 feet. 
Draw dh at 45 amperes and construct the current curve 
from the speed curve. The energy expended is represented 
by the area pdhqr, 

A comparison of the curves for constant and variable 
induction factor shows us in the first place how great a 
saving of energy is effected by the use of the series 
winding, the area of the current curve for the series- wound 
motor being O'G of that for the motor with constant 
induction factor. 

In the second place we see that there is a small 
saving of time effected by using series winding. The 
amount of this saving will depend on the shape of the 
induction curve We may generally assume that in a 
well-designed motor the use of series winding will save 
about 5 per cent, in time. Hence we may use in our 
equations a value of t about 5 per cent, greater than the 
time actually specified, and thus obtain a smaller value for 
the starting current. 

The current curves for the two types of motor are 
plotted in Figs. 58 and 59. At the point / the whole r 
the energy is being expended in heat. The heat loss 
any point may be calculated by taking the correspon 
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speed and finding the resistance in the circuit, and then 
multiplying this by the square of the current. If the 
heat watts is divided by the tension of the line we obtain 
the part of the total current that represents the loss due to 
heat. In Figs. 58 and 59 this current has been set off from 
a horizontal line passing through 45 amperes ; the points 
obtained lie on a straight line passing through the origm 
and a point a, where al) represents the heat Joss when the 
current of 15 amperes is passing through the resistance 
of the motor only. The area fabc represents the heat loss 
during the period of constant acceleration. 

Beyond the point a the current used to make up the 
heat loss is very small compared with the whole current, 
and is neglected in the following discussion. 

The heat loss can be predetermined, since it is very 
nearly one half of the area of the current curve up 
to the point at which the starting rheostat is all out. 
There is not much difference in the final speed of the two 
motors, the kinetic energy is, therefore, nearly the same. 
The energy expended in overcoming the train resistance is 
the same ; this should be checked by comparing the areas 
marked train resistance in the two diagrams. Hence the 
difference in energy expenditure is nearly represented by 
the difference of the heat areas. We thus see the import- 
ance of setting back as far as possible the point at which the 
starting rheostat is all out. This is what the series wind- 
ing effects for us. 

If fj is the time in seconds during which the maximum 
current c, is flowing, the energy, ff, expended in heat 
is nearly ^ Ec^t^, If s^ is the speed at which the starting 

rheostat is all out, ^\ = \U ^^^ r = K^t^ being the 
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acceleration; hence <, = |-. -V, and/f=i{! . ^.% In- 
^^^ing the values of fcj and /i-g we have 

ff=3-23 {E-c,E)^h t^ 1^ (Ill), 

^here c^ is the total starting current, and c,, the current 
^^ailable for acceleration. Hence H varies inversely as 
^aM^. Now the larger we make 3/ at the start, the larger 
^ill be the current c„, since the retarding torque is constant. 
It is thus of great importance to increase M at the start. 

In the previous example the ratio of the induction 
factors is 2 to 1, and the ratio of the accelerating currents 
is 1*3 to 1, giving 5*2 as the ratio of the heat losses. By 
actual measurement of the diagrams this ratio is 5*25. 

When the current representing the heat loss has been 
deducted from the total current at any instant, the 
remainder represents the expenditure of energy in pro- 
ducing acceleration and overcoming train resistance. The 
proportion of these two can be obtained from the curve of 
total torque, since that tells us how much is being used 
for accelerating and how much for overcoming train 
resistance at any speed. The curves od in Figs. 58 and 59 
have been constructed in this way, thus dividing the 
remaining area of the current curve into one portion, 
shaded in the figures representing the energy expended 
in acceleration, and a second portion representing the 
expenditure of energy in overcoming the train resistance. 
The latter of these two areas is equal in the two figures, 
while the acceleration energy is a little greater for the 
constant induction motor, the final speeds being 25 and 
23*2 feet per second respectively. 
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The following table shows the expenditure of energy 
in foot-pounds in the two cases : — 





Ck>nstaut 

Induction 

Factor 


Variable 

Induction 

Factor 


For acceleration . 


. 109 X 10" 


88-7 X 10' 


For train resistance 


. 109 X 10> 


109-0 X lO' 


For C^R loss . 


. 169 X 10=» 


32-2 X 10^ 



Total . 



. 387 X lO'' 229-9 x 10» 



We must remember that in this example the expression 
^ train resistance ' means all resistances opposing the 
motion, including those due to the friction of the gearing 
and the torque lost in the motor itself. 

The advantage of series winding thus consists 
mainly in a saving of energy. There is, however, a 
limit to the amount of energy saved. Thus with the 
highest possible induction factor, the C^R loss is 13x 10* 
foot-pounds. Hence there is a limit of weight beyond which 
it will not be worth while to go with a view to reducing 
the heat loss. This is shown by the following table, where 
the weights are taken as proportional to the induction 
factors, the heat losses inversely as M^, and the efficiency 
as the ratio of the sum of the friction and acceleration to 
the total energy: — 



t 

Maximum current. 


Maximum induction 




C'R loss 




Amperes 


factor, or we 
35-5 


ight 


10=^ 


foot-pounds 
169 


Efficiency 


! 45 


54 




40 






102 


66 : 


1 


50 






65 


75 ! 




60 






45 


82 


1 


70 






33 


86 1 




80 






25 


89 \ 


J " 


90 






20 


91 


/ 


106 




\ 


13 


94 1 
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We may here inquire as to the effect of using 
«ther values of v and d than those given by 
Equation 108. 

An increase in the value of d will have the same effect 
as a decrease in the value of v ; if then we take three 
cases, each having v=4*78, d being respectively 24*3, 33, 
and 40 inches, we shall get the same results as if we took 
a constant diameter of 33 inches, and velocity ratios of 
6*50, 4*78, and 3*94 respectively. 

In Fig. 60 curves of accelerating torque are drawn 
for velocity ratios 6*50, 4*78, and 3*94, d being 33 inches 
in each case. The curve for r=4*78 is the same as curve 
kl in Fig. 56. In constructing these curves with different 
Values of v we must remember that an increase in v 
increases the initial acceleration, but diminishes the final 
speed and also diminishes the speed when the starting 
rheostat is all out. 

In calculating the initial acceleration we must also 
bear in mind that the torque on the motor shaft required 
to overcome the frictional torque on the car axle increases 
inversely as v. Thus when v is 4*78 the maximum total 
torque on the motor shaft is, as we have seen, 4,500 
inch-pounds, from which we have to deduct 750 to 
balance the frictional resistance, leaving 3,750 available 
for acceleration at the start, the acceleration in f.p.s. per 
second is then found by Equation 85 to be 312 f.p.s. per 
second. Now when the velocity ratio is 3*94, the total 
torque on the motor shaft is 1,500 as before, but from 
this we must now deduct 910 to overcome the friction on 
the axle, leaving us with 3,590 inch-pounds available for 
acceleration. Using this value of /„ in Equation 85 and 
putting /• = 3*94, we find the acceleration to be 2*4G. 
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The acceleration curves are obtained from the torque 
^V^X^e by the graphic method, and are continued until the 
^^closed area represents 500 feet. The corresponding 
^^rrent curves are also shown. 

We see that as the velocity ratio increases the energy 
^^pended, given by the area of the current curve, decreases, 
^Vit the time occupied increases. Thus we gain half a 
^^cond by putting on a 40-inch wheel at the expense of a 
'Considerable increase in the energy used. On the other 
hand, we save energy by putting on a 24-inch wheel, but 
^t the expense of two seconds of time. There is a minimum 
limit to the time in which the distance can be covered, 
which in this case is about 2G seconds, but the increase in 
the size of the wheel for each fraction of a second gained 
becomes greater as this limit is approached. 

Hence if we have allowed for the saving of time effected 
by the use of series winding, the given distance will be 
covered in the given time, and any other values of v or of 
d than those given by Equation 108, will involve either a 
longer time or a greater expenditure of energy. 

We shall complete our discussion of this example by 
considering to what extent our results are affected by 
the use of the series-parallel controller. 

We can adopt either one of two methods. We may 
take the same current from the line as before — namely, 
90 amperes, the whole of this current going through each 
motor in series, or we may take the same current per 
motor as before — namely, 45 amperes, the current from 
the line being thus halved as long as the motors remain 
in series. Let us compare these two methods. 

Suppose that the induction factor of each motor is 
increased to 74 when 90 amperes is passing, the total 
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torque will be 9,400, less 750 for friction, giving an 
acceleration of 7*2 f.p.s. per second; this can be main- 
tained until a speed of 4*8 f.p.s. is reached, when the 
motors must be thrown into parallel. The rest of the 
curve will be the same as before ; if plotted, it will show a 
gain of one second in covering the given distance. 

If on the other hand we allow only 45 amperes per 
motor, we obtain the same acceleration curve as in Fig. 56, 
but as we are able to keep the motors in series until a. 
speed of 5*7 f.p.s. has been reached, the expenditure ol 
energy up to that point is halved, the total expenditure oi 
energy being slightly less than by the first method. 

We see then that the only advantage in taking 9CII^ 
amperes per motor is a gain of one second in time. Sinc^ 
the motors used in the first method have to be designe( 
to carry twice as much current as those used in the secon( 
the latter method is to be preferred. 

As an illustration of the application of the principh 
of this chapter to the heavier class of railway work, w^e 
will take the Metropolitan Elevated Eailroad of Chicago- 
Particulars of this railway will be found in a paper by 
Mr. M. H. Gerry, published in the ' Proceedings of the 
American Institute of Electrical Engineers' for 1897. 

The rolling stock consists of motor cars and passenger 
cars. The former measure 17 feet in length and when 
fully loaded weigh 02,000 pounds. They are mounted 
on locomotive trucks, having 33-inch wheels, with a 
velocity ratio of 3 18. One truck of each motor car is 

ft 

equipped with two motors. 

The passenger cars are 17 feet in length, having trucks 
fitted with 30-inch wheels, and wlien fully loaded weigh 
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46,000 pounds. Trains of two, three, and four cars are 

iUade up according to the demands of the traffic at 

different hours. We shall consider a* train of one 

taotor and three passenger cars, weighing in all 90 

tons. 

The maximum grade on one out of the four lines 

radiating from the power house is 0*75 per cent., ascending 

for 2,350 feet and descending for 1,950 feet ; other grades 

do not exceed 0*03 per cent. The average distance 

between stations is 2,000 feet. E = 500 volts. 

We will take the case of two stations separated by 

2,500 feet of level track. The time table requires that this 

distance shall be covered iu 100 seconds from start to stop. 

Experience shows that the brakes may be counted upon 

to stop a train of four cars weighing 90 tons, running 

at 25 miles an hour, in 500 feet in 20 seconds, leaving 

2,000 feet to be covered in 80 seconds. Using Equation 

104, remembering that the weight per motor is 45 tons 

and taking the drop at full speed to be 5 volts, we 

Mv 
obtain the relation -.- = 3-46. Inserting this value in 

Equation 103 we find that c„ — 226 amperes. 

The wheels now in use have a diameter of 3o inches ; 
we will adopt this size. The velocity ratio is 3*18; for 
the present we. will take this value. Using the relation 
already found, we get 3/=35 1). 

Since 1,000 feet must be covered in two-thirds of 80 
seconds, the maximum speed is 37*5 f p. s., or 25* G miles 
per hour, or 13*8 r.p.s. of the motor. To find the resist- 
ance of the motor we must know the amount of frictional 
and other torque opposing the motion. For this purpose 
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we can make use of the record of the carrent taken when 
running at a uniform speed on a level with the existing 
equipment. Taking the average of a number of teste, it 
appears that when running on a level at a uniform speed, 
the motors take 75 amperes. The induction curve of 
these motors is given in Fig. 61, and for this current 3f =30, 
giving us a total torque on the motor shaft of 3,180 inch- 
pounds, the speed being 15*1 miles per hour. Experi- 
ments previously made with these motors showed that 
with 75 amperes the torque available for useful eflfort was 
2,340 inch-pounds, giving 73*4 per cent, mechanical 
efficiency. Now 2,340 inch-pounds is equivalent to 450 
pounds of horizontal pull on 33-inch wheels, with i'=318. 
Hence the train resistance is 450 pounds per motor, or 10 
pounds per ton. 

Assuming that the retarding resistances are the same 
for all speeds, we see that the torque on the motor shaft 
at full speed is 3,180, and since If =35*9 the current when 
running at full speed is 63 amperes per motor. Since 
the drop at full speed has been fixed at 5 volts, the 
resistance of the motor must be 0*0795 ohm. 

We have thus found one point on the induction curve, 
namely, .U=350 for 63 amperes. Suppose now that 
the limit of weight imposed gives the maximum value of 
^f at 72 and that we are not at liberty to increase v or 
diminish (L With this value of M the current required 
to overcome the retarding torque is 31*5 amperes, so that 
the total current at the start must be 226 + 31*5, or say 
257 amperes. This gives us a second point on the induction 
curve, namely, if =72 for 257 amperes. These points are 
plotted at a and b in Fig. 61. We will suppose that A is 
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the best curve that can be obtained for 3f=72, and 
r=318, while B is the induction curve for the motors that 
are actually employed on this line. 

The acceleration and current curves obtained with 
motors having induction curves represented by A and B 
respectively, are given in figs. 62 and 63. The dotted 
lines give the curves for the motors in use on the Chicago 
elevated railroad, as obtained by actual experiment. For 
details of the way in which the experiment was carried 
oat, the reader may consult the paper by Mr. Gerry 
already referred to. 

The weight of the train was estimated at 90 tons, the 
track was level, and the mean tension at the train was 
504 volts. The brakes were applied at the end of 77 
seconds, when 1,930 feet had been covered, and the re- 
maining distance of 570 feet, making up the total of 2,500 
feet, was covered in 27 seconds, making the total time 104 
seconds. 

The acceleration curve for the motors with induction 
curve A in Pig. 61, is plotted on the same scale as the 
experimental curve. The initial acceleration is 1*27 f.p.s. 
per second ; the motors speed up in series to 8*7 feet per 
second, and then in parallel with the same acceleration to 
1 8 feet per second ; the remainder of the curve is obtained 
graphically from the torque curve. 

The total torque at the start is 26,100 inch-pounds; 
after deducting 3,180 for retardation we have left 22,920; 
allowing 90 per cent, mechanical efficiency we get 20,600 
inch-pounds available for acceleration. The curve of 
accelerating torque is plotted, points on it being obtained 
from the induction curve A in Fig. 61. Point h is given, 
for we know that at full speed the train is moving at 37'J 
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feet per second or 25*6 miles an hour. The highest speed 
a<5tnally attained is 23*6 miles an hour. 

The acceleration carve has been continued up to the 
point when 1,930 feet has been covered, corresponding to 
"the point at which the brakes were put on in the experi- 
ment ; the curve gives 76 seconds as the time occupied, 
compared with 77 seconds in the test. The time taken to 
cover 2,000 feet is 78 seconds by the curve, being 2*5 per 
cent, less than the time calculated, the difference being 
due to the use of series winding. 

In Fig. 63, vertical ordinates represent current from 
the line, the dotted curve giving the results of the 
test of which the acceleration curve is given in Fig. 62. 
The calculated current curve is shown by a full line; 
the motors are in series for 7 seconds, during which time 
the current is 257 amperes ; they are in parallel, taking 
257 amperes each, or 514 from the line, for about 7 
seconds longer ; the current then rapidly decreases : points 
on the carve are found from curve A in Fig. 61. 

The irregularities in the experimental curve are the 
results of the uneven handling of the controller. We see 
that the motors were taking about 380 amperes each at 
the start, and were allowed to speed up in series for about 
10 seconds after the starting resistance was taken out. 
When thrown into parallel the current per motor is about 
330 amperes per motor, or 660 from the line. The form 
of the current curve as the motors speed up in parallel is 
well shown. More careful manipulation of the controller 
would have ejffected a better start. The dip in the 
acceleration curve during the period from 10 to 40 seconds 
might have been avoided by not allowing the motors to 
speed up in series. 
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When we compare the energy expended by the two 
methods, we see that the results of the test give a much 
greater expenditure than that indicated as necessary by 
the calculations. The maximum speed attained in the test 
was 35 feet per second, the kinetic energy is thus 380 x 10^ 
foot-pounds. The train resistance is 900 pounds, giving an 
expenditure of energy of 174 x 10* foot-pounds throughout 
the distance of 1,930 feet. Hence the total energy ex- 
pended as work is 554 x 10'* foot-pounds. 

The area of the dotted current curve in the figure 
represents the total expenditure of energy in the experi- 
ment ; this area measured with a planimeter is found to 
represent 9G3 x 10* foot-pounds. The diflference between 
the work done and the observed expenditure of energy, 
amounting to 409 x 10* foot-pounds, is mainly represented 
by the energy lost in heating the resistances. If we 
allow a mechanical efficiency averaging 85 per cent., the 
heat loss amounts to 311 x 10* foot-pounds. 

The maximum speed for the calculated curve is 33'5 
feet per second, giving 350x10* foot-pounds of kinetic 
energy ; the energy required to overcome the train 
resistance is 174x10* foot-pounds, giving a total of 
524 X 10* foot-pounds of work done. Assuming an average 
efficiency of 85 per cent, we get a total torque loss of 
92 X 10* foot-pounds. We have already seen how to 
estimate the heat loss, and know that it is represented, 
within a small error, by the area of the current curve 
above the line oa in the figure ; this area is 67 x 10* 
foot-pounds, hence the total energy required, as ob- 
tained by calculation, is 683x10* foot-pounds, as 
compared with 963x10* obtained with the existing 
motors. The area of tite ca\c\Aa»\fe^ e,\u:tent curve in 
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^H^g. 63 gives 675 x 10* foot-pounds, or about 3 per ceat. 
^^ss than that estimated. These results are represented 
t>^low in tabular form. 





Total energy required 
From test Calculated 


For acceleration 


. 380x10* 


850 X 10* 


For train resistance . 


. 174 X 10* 


174 X 10* 


For torque losses 


. 98 X 10* 


92 X 10* 


For C^B loss . 


. 311x10* 


67 X 10* 



Total . . . 968 X 10* 688 x 10* 

The difference in the energy expended is almost wholly 
^€COunted for by the difference in the heat loss. The 
existing motors require 40 per cent, more energy to 
operate the train under the given conditions than those 
^hose induction curves have been calculated, and the 
maximum current from the line is 28 per cent., and the 
maximum current per motor 48 per cent, higher than 
appears necessary. 

The force factor required to start is, by calculation, 
257 X 72 or 18*5 kilodynes. If a hyperbola be drawn in 
Fig. 61 having MC=18-5 kd., it will cut curve A at 
c=257, and curve B at c=385 amperes. We thus see 
why the existing motors have to take nearly 50 per cent, 
more current to start than is necessary. 

We have supposed that the limit of weight fixes the 
maximum induction factor at 72, for 257 amperes. The 
motors in use have a maximum induction factor of 48. 
For this value of M the best economy is obtained when 
'y=:9'75, the induction curve is then straight. Suppose 
that the consideration of clearance limits the value of v to 
4*78, the induction curve must then be of the form G in 
Fig. 61, whose vertical ordinates bear to those of curve 

s 
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A the ratio of 478 to 3-18. The expenditure of energy 
will then be the game as for the motors with induction - 
curve A, 

The economy of working may be expressed in 
terms of the energy required to move the given weight 
through the given distance. ITiis may be stated in t>erms 
of watt-hours per ton mile. Thus in the previous 
example, the trains can be worked at the required speed 
with an expenditure of 60*5 .watt-hours per ton mile; the 
distance, of course, includes that in which the brakes are 
on. The actual energy expenditure is 85*5 watt-hours 
per ton mile. 

The results of our investigation may be summed up as 
follows : — There are three forms of expenditure of energy 
involved in carrying a train of given weight through a 
given distance in a given time. (1) The work done in 
overcoming train resistance. This depends on the 
distance, and can only be reduced by increasing the 
mechanical efficiency of the motors. (2) The work done 
in producing kinetic energy. This increases as the 
square of the final speed. Equation 103 gives uS the 
least possible final speed for the given conditions, and 
thus the least possible expenditure of energy in accelerat- 
ing. (3) The energy expended in heat. Equation 111 

shows that this increases as the square of ^r^. Equation 

103 gives us the least possible value oi-—^ if ilf is to be 

constant. If, however, series winding is used, the heat 
loss may be reduced to any desired extent by increasing 
i¥, but at the expense of an increase in the weight of the 
motor. 
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CHAPTER XII 

ARMATURE REACTION 

The magnetisation curves of a dynamo can be found by 
substituting for the ordinary brushes a pair of thin steel 
brushes insulated from one another and touching the 
commutator at a small angular distance apart. If these 
brashes are connected to the terminals of a voltmeter, and 
the armature rotated at a uniform speed when the magnets 
are excited, the reading on the voltmeter will measure 
the rate at which the conductors on the armature, included 
between the two exploring brushes, are cutting lines of 
force. If the brush holder is moved round the commu- 
tator, the voltmeter reading will vary with the intensity of 
the magnetisation nieasured across the surface in which 
the conductors on the armature are moving. 

If the readings observed are plotted vertically on a 
line along which distances represent successive positions 
of the exploring brushes, we shall obtain a curve whose 
ordinates represent the intensity of magnetisation round 
the armature. The curve in Fig. 64 marked ' magnets 
only ' is such a curve. The magnetisation is nothing 
at points a and />, and is uniform under the poles, the 
sign of the curve being diflferent under adjacent poles. 
The actual values of the voltmeter readings will depend 
upon the angular width of the exploring brushes ; hence 
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while this method gives us the form of the magneti- 
sation curve, we must make a separate experiment to find 
its area in terms of lines of force. 

The area of each polar portion of this curve represents 
Nj the total useful lines of force per pole, passing through 
the armature. If we observe the speed and the total 
induced tension between a and b as measured in the usual 
way, we can lind N from Equation 8. 

The only variable in the expression for the induction 
factor is the term N, and this is represented by the 
area of the magnetisation curve; it follows that any 
change in the area of this curve involves a change in the 
value of the induction factor. We shall now discuss the 
influences tending to alter the area of this curve. 

The intensity of magnetisation at any point h produced 
by a wire say at A:, in Fig. 64, can be found by considering 
the lines of force in the magnetic circuit passing through 
h, due to i amperes at A*. The lines of force passing 
through one square centimetre at h will circulate in some 
path round A:, the form of which need not concern us if we 
assume that the greater part of its reluctance consists 
of the air gap which is crossed twice ; if for the present 
we neglect all other reluctance but this, we can write 
down the lines per square centimetre at h thus : 

where B is the width of the gap in centimetres, and i is 
the number of amperes in the wire at h 

This equation shows that the intensity due to i amperes 
at the point A: is uniform between h and the tip of the 
pole, that the intensity on one side of the wire is equal but 
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of opposite sign to that on the other side, and that it is 
independent of the position of the wire under the pole. 

We can now pass from the case of a single wire to that 
of a number of wires placed side by side on the surface of 
the armature. Consider first the wire at the point ^ lying 
under the pole A, Suppose that the dynamo is acting as a 
motor and that the current in this wire is coming towards 
us, the intensity of magnetisation at each point along the 
gap due to the current % flowing in the wire at fe is then 
given by Equation 112. Now all the conductors lying to 
the right of Ifi will produce an ejffect at h of the same sign 
and amount as the wire at it. Hence if there are Sj con- 
ductors between A and the right-hand pole-tip, the intensity 
of magnetisation produced at h by all these conductors will 
be given by 

kJ^Z ^- (113). 

10 2S ^ ^ 

where i is the current in each conductor. 

The conductors lying to the left of A, between /t and 
the left-hand pole-tip, will produce an eiffect at A- of 
opposite sign to those on the right of A, the intensity being 
given by simply changing s, to Sg in Equation 112, where 
§2 is the number of conductors lying between li and the 
left-hand pole-tip. The resultant intensity at A is the 
difference between these two intensities, and may be 
written 

^10 28 ^^^^^- 

where Sg is the number of conductors lying between A and 
the centre of the pole. 

Tiiis equation shows t\ia\) \\i^ \xitoa.%\fc^ dvie to the 
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^'I'^eiit in the armature is nothiDg when s^ = o, i.e. at the 
^^Utre of the pole, and increases to a maximum at the tip 
^^ the pole. If we denote as before by A the number of 
^^tiductors counted round the surface of the armature, and 
^y (f) the angular breadth of the pole-piece subtended at 

^tie centre of the armature, we can put - ^ for 2s^, so that 

360 •* 

*lie intensity at either pole-tip will then be given by 

This is the expression for the intensity of magnetisa- 

'tion in lines per square centimetre under the pole-tips 

produced by a current of i amperes flowing in each of the 

^ conductors round the armature ; if the machine has two 

^oles the current from the line will be 2i ; S is the width 

of the air gap from iron to iron measured in centimetres. 

The curve of magnetisation due to the armature can be 

drawn by calculating the value of H undet the tip by 

Equation 115, and then drawing a straight line as that 

in Fig. 64, marked ' armature only,' through the centre of 

the pole. We shall call the two curves thus found the 

curves of magnet and armature magnetisation. 

For points along the surface of the armature outside 
the pole the magnetisation due to the armature will 
diminish rapidly on account of the increased reluctance of 
the magnetic circuit. The intensity at each point may be 
found by changing 28 in Equation 115 into B + x, where 
X is the distance between any point and the tip of the 
pole ; if a is the distance between the tips of two adjacent 
poles, the intensity at a point midway between them is 
twice that due to the action of the wires under one pole 
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only, so that the inteDsity at this point may be expressed 

^'=nk ■ ^ ("^'• 

We are thus able to complete the curve of armature 
magnetisation, and find that it cuts the axis at points 
on the armature at the centre of each pole, and that it 
rises to a maximum at the tips of the poles, and bends 
down again to a minimum, but does not cut the axis, at 
points midway between the tips of the poles. 

Figs. 64 and 65 show the curves of armature magnetisa- 
tion for a motor and for a generator. In each case the 
motion is in the same direction, also the induced tension 
and the magnetisation due to the magnets. The only 
difference is in the direction of the current in the armature ; 
this depends upon whether the tension impressed on the 
terminals of the armature is greater or less than the 
induced tension. 

The student should reason out for himself the signs of 
each curve of magnetisation in these figures. The 
direction of the current in the wires is shown by dots and 
crosses, the dots representing currents coming towards us, 
and the crosses representing currents going from us. 
liooking at the pole A across the air gap, the lines of force 
will go from us ; this is shown as positive by the uniform 
curve above the axis. In the next pole this direction 
is reversed, the magnetisation at b being nothing ; b and a 
will be midway between the pole-tips if, as we here 
suppose it to be, the field is symmetrical. 

If we assume the direction of motion, we are able to 
determine the direction of t\i^ mdvice^d tension, which will 
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be the same in both motor and generator. This direction 
we can find by an application of Fleming's rule ; pointing 
the first finger of the right hand in the direction of the 
lines of force ; the thumb in the direction of motion ; the 
second finger gives the direction of the ivduced tension, 
though not necessarily of the current ; now if the tension 
impressed on the dynamo terminals is greater than the 
induced tension, the current will flow against this tension, 
that is towards us, as shown by the dots in the conductors, 
under pole A in Fig. 64 and iu the reverse direction 
under pole B, 

Knowing the direction of the current in the armature, 
we see that the lines of force caused by this current must 
flow in a counter-clock-wise direction under pole A for the 
motor, and must, therefore, be humped up at the back of 
the pole ; this gives us the proper sign for the curve of 
armature reaction, positive behind and negative in front of 
each pole. 

If the tension impressed on the terminals of the 
dynamo is less than the induced tension, as in the case 
of a generator, then the current will flow in the direction 
of the induced tension, or from us, as shown by the crosses 
in the wire in Fig. 65 under pole -4, and in the reverse 
direction in the wires under pole B. 

When the dynamo is acting either as motor or generator 
the magnetising efiect of the armature is superposed upon 
that due to the magnets. If the resultant effect can be ob- 
tained by adding the ordinates of the armature curve to that 
of the magnet curve when of the same sign, and subtract- 
ing them when of different sign, we shall obtain curves like 
those in Figs. 64 and 65 marked * armature and magnets,' 
whose areas would be e(\aal to those due to the magnets 
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^laly. We should in fact be simply taking away a certain 
"ti Timber of lines of force from one part of the pole and 
^^ding them to another. 

We have already seen that the value of the induction 
f^tor is unaltered so long as the area of the magnetisation 
Ci urve remains unchanged ; hence if the assumption made 
^bove is correct, we ought to find that the torque for 
Sfc given current in the magnets increases in direct propor- 
"tiion to the current in the armature. We know, however, 
"that this is not true, but that the torque observed 
generally decreases as the current in the armature in- 
creases. ' The explanation of this is that the magnetisa- 
tion curve is not distorted symmetrically, but is reduced 
at one pole-tip by a greater amount than it is increased 
at the other. 

We have here in fact two magnetising forces, the one 
that of the ampere-turns on the magnets ; the other that 
of the ampere-turns on the armature. These both act 
upon a magnetic circuit common to the magnets and the 
armature. We assumed that we might neglect all the 
reluctance of this common portion except that of the air 
gap, whereas strictly the magnetisation produced by 
adding the two magnetising forces in the common circuit 
ought to be found in the usual way for a magnetic circuit 
consisting partly of air and partly of iron. The result will 
depend upon the degree of saturation of the iron in the 
neighbourhood of the pole-tips. 

The pole-tip under which the effects are added will be 
the one where the loss of area takes place, especially if the 
pole is tapered and extended, while the result under 
the other tip may generally be obtained by simply sub- 
tracting the magnetising forces. 
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Fig. 66 gives the general dimensions of a railway motor 
"Vvith a slotted armature, designed to carry 24 amperes at 
^TiU load. 

The outside diameter of the armature is 16'', the inside 
diameter is 10", the length of the armature lOf. The 
armature has 60 slots, each 5/8" deep and 13/32" across ; 
tihe teeth are 14/32" across. The single gap from iron to 
iron is 9/64", the bore of the poles is 16" and 9/32" ; the 
angular breadths of the poles are 9" and 5/8" and 8" and 
/4" respectively, and the length parallel to the shaft 11^". 
The armature is ring-wound ; there are 1 20 com- 
mutator bars, 6 turns per bar ; hence -4 = 720. Each turn 
consists of two wires, No. 16 5 and S,, wires in parallel, 
thus making 12 wires per bar; the wires of two bars are 
placed in one slot, giving 24 wires per slot. The armature 
is series-connected with two brushes, giving ^=2. The 
resistance of the armature with carbon brushes is 1*08 
ohms when hot. 

The two magnets have 810 turns each, and these are 
connected three in parallel, 270 in series, so that the 
current per wire in the magnets is one-third of the main 
current. The resistance of the magnet winding thus 
connected is 0*69 ohm, making the whole resistance 
of the motor with magnets and armature in series 1*77 
ohms. 

Figs. 67, 68, and 69 give the results of experiments 
made in the Electrical Engineering Laboratory of McGill 
University to ascertain the amount of the 
armature reaction in this motor. 

The magnets were first excited with 4 amperes per 
tura, and the armature rotated by means of a belt 
on a pulley keyed to the shaft, but no current allowed 
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"fco pass in the armature. The magnetisation curve was 

"then obtained by using exploring brushes in the way 

^ready described. As the armature is series-connected 

"vrith two brushes the exploring brushes could be passed 

fteely round the surface of the commutator crossing 

'the positions virtually, though not actually, occupied 

Xy a brush. In the figures, A and B represent the 

positions thus virtually occupied by brushes ; when brush 

A or brush B is mentioned we shall refer to the brush 

diametrir^ally oppositf to the positions A and B. 

The magnet current was then broken and a current of 
12 amperes passed through the armature ; the armature 
was rotated as before, and the curve of armature reaction 
obtained. The same currents were then passed in magnets 
and armature at the same time, the armature was rotated 
as a generator in the direction shown by the arrows, and 
the resultant curve obtained. Each of these experiments 
was repeated with the full load of 24 amperes, and with 
36 amperes, half overload. 

The width of the brushes is given by the fact that they 
cover two commutator bars and two insulations, or an 
angular breadth of six degrees. Fig. 66 shows that they 
were not well set, and this is borne out by the form of the 
magnetisation curves. In all cases when the magneti- 
sation due to the magnets only was being observed, the 
brushes were removed from their holders. 

There was no sparking at all in any of the 12 ampere 
experiments, although there was a field under both the 
brushes of the wrong sign for commutating, particularly 
under brush B, where the field due to the magnets is also 
of the wrong sign. 

With the full load of 24 amperes, there was no spark- 
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ing with magnets only, and none with armature only, 
although under brush B the field is considerable, and of 
the wrong sign for commutation. Using Equation 116 
we can calculate the intensity of this field. We know 
that A is 720, i is 12, <^ is 68°, taking the larger of 
the two poles, B is 0*358, and a is 9*0 cm. Hence, H is 
850 lines per square cm. ; this is the calculated strength 
of the field under the brush due to 24 amperes in the 
armature only. The maximum ordinate of the magnet 
curve in Fig. 68 represents 5,000 lines per square cm. ; 
using this scale, we see from the diagram that the mean 
ordinate actually found by experiment under the brush, 
with 24 amperes in the armature only, was 770, calcula- 
tion giving 850. 

The calculated value of the intensity of the field due 
to the armature under the tips of the tapered pole, is 
2,850 from Equation 115, while the intensity observed, 
taking the mean of the two, was 2,250. The difference 
here is probably due to the tapering of the pole-tips. 
Taking the square pole, with an angular width of 62° we 
find that the calculated value for the armature reaction 
under the tips is 2,600, while the observed value 
is 2,500. 

Fig. 68 gives the results of experiments with 50 per 
cent, overload, namely with 36 amperes in the magnets 
and in the armature. There was no sparking when the 
magnets only were excited. With the current in the 
armature only there was a slight sparking under brush B, 
none under brush A. With current in both magnets and 
armature, brush B sparked badly, but there was no spark- 
ing under A. 

We see here clearly the effect of tke ^%»Wx^\i\Qvi^*l*«5kift. 
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tapered pole-tips. Under the tapered pole, where the two 
fields are added, the intensity of magnetisation due to the 
magnets is hardly increased at all by the superposition of 
the armature field, at the same time the field under 
the pole where the effects are subtracted is reduced by 
the full amount of the armature magnetisation. Hence 
the area of the resultant curve is considerably less 
than that due to the magnets only, and the induction 
factor with 36 amperes in the magnets is therefore 
reduced by making this current also pass through the 
armature. 

The mean value of the field under the square pole with 
36 amperes in the armature is 5,900 lines per square cm. 
The calculated value of the armature reaction under the 
tip is 3,900, the mean of the values actually observed at 
the two tips is 3,750. 

The intensity of the field under the brush due to the 
armature is 1,100 by Equation 116; experiment shows 
it to be actually rather over 1,300. The unsymmetrical 
position of the brushes, and the fact of one pole-tip being 
square and the other tapered would account for some 
discrepancy between the calculated and observed values, 
bearing in mind the assumptions that were made in 
arriving at the equations used. 

Experiments were made with this dynamo to find by 
actual measurement the values of the induction factor for 
different currents in the magnets and armature. 

The machine was driven as a generator by a belt as before; 
the first experiment consisted in passing a current through 
the magnets only, and observing the volts at the brushes 
at a fixed speed. The results obtained are plotted as a 
curve in Fig. 70. Horizontal ordinat«is giveicaYY^wt m t\\ft 



276 



THE DIRECT-CURRENT MOTOR 



cH.xn 



magnets, the sum of three turns in parallel ; vertical ordi- 
nates giving values of the induction factor. 

The second experiment consisted in passing the same 
current in the armature as in the magnets, running the 
machine at a fixed speed as a generator, and observing the 
volts at the brushes. The resistance was taken when the 
machine was hot, the heat-drop allowed for, and the 
values of the induction factor deduced and plotted. The 
following table shows the alteration in the value of the 
induction factor as actually observed in the speed test, and 
as calculated from the area of the magnetisation curves. 






Current 
in amperes 


M 

Armature 

unloaded 

from speed 

test 


12 


31-2 


24 


51-4 


36 


60-6 



M 

Armature 

loaded from 

sp«^ test 



31-2 
49-3 
56-0 



Armature unloaded 



From 
speed 
test 



Per cent. 
100 
165 
195 



Prom 

area of 

curves 



Per cent. 
100 
175 
220 



Armature loaded 



\ 



From 

speed 

test 



Per cent. 
100 
158 
180 



From 
area of 
curves 

Per cjent. 
100 
171 
182 



! 



In comparing the results of the speed test with .thos^ 
obtained by mechanically integrating the areas, we must> 
remember that the voltmeter placed at the main brushes 
to read the terminal tension practically integrates the 
areas of the magnetisation curves lying under all the four 
poles, taking account of the way in which these curves cut 
the axis ; whereas in Figs. 67, 68 and 69 we have only 
two out of four areas, and cannot assume that the other 
two are the same as those we have determined experi- 
mentally. 

Let us suppose that the railway motor illustrated in 
Fig, 66 has to give a tota\ VoimiTiXaX ^\5\\. ^ 500 pounds 
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when running a tramcar at 1 1 miles an hour, on a line 
having a tension of 500 volts, the gear ratio being 478, 
and the wheel diameter 33". From Equation 21 we 
find that the induction factor has to be 51*3, and that 
the current when running at full speed will be 24 am- 
peres. We have to determine the number of 
surface conductors so that at full load the magnetisa- 
tion under the tip of the pole due to the armature re- 
action is not greater than 0*52 of that due to the magnets, 

^"•52 ^"■298 T* 

Since the armature is series-connected, the current per 
conductor is 12 amperes; taking the larger pole of the 
two, we find <f> to be 68°, while i is 0*358 cm. Inserting 

A 

these vahies in our equation we find that -_- = 0*132. 

If ^ is greater than 0*132, tlie reaction will be too 

great ; if it is smaller, the reaction will be less than the 

amount allowed. 

Now since M=^pANVO~^ and _p=2, we see that 

M 
A = ^~x 10®. The area of the large pole is 714 square 

cm.; hence N=7l4!Hy, and'we may write ^43^ = 36 x 101 

^ow A must be a multiple of the number of bars on 

the commutator, so that 

A 



If ^ = 4 X 120 = 480, /f,=7,500, and -^ =0-064. 
If ^ = 6x120 = 720, l/,=5,000, and -^- = 0*144. 
If^=8x 120 = 960, JJ,= 3,750, and -^_ =0*256 
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» A ■ . 

We see that the smaller the ratio --— the greater is 

Hg, and consequently the greater is the winding required 

on the magnets. We must then make H^ as small as 

A 
possible, consistent with having the ratio — — as nearly as 

possible equal to 0*132. We may then take -4 = 720, so 
that 5^=5,000, flp= 2,600, and the useful lines per pole, 
iV^, is 3-56 X 106. 

The conditions under which motors have to work 
generally demand that the brushes shall be set once for 
all, and operate sparklessly when the armature is running 
in either direction. The brushes must therefore be placed 
at the points where the magnetisation due to the magnets 
is nothing. It follows from this that the magnetisation 
at the centre of the brush is at all times simply that due 
to the armature reaction. 

Now in order to commutate sparklessly, each coil 
as it comes under the brush, and is there short-circuited, 
ought to find itself in a magnetic field of such a sign as will 
tend to check the current flowing in it. In the case of a 
motor, the current flowing in any coil is flowing there in op- 
position to the tension induced in the coil, i.e, the induced 
tension tends to check the current. Hence the proper 
sign in which to commutate a coil in a motor armature is 
that of the magnetic field in the gap through which the 
coil has just been passing. 

A reference to Fig. 64 will show that the sign of the 
armature magnetisation under the brush in a motor is the 
same as that due to the magnets in the gap ahead of the 
brush, and is consequently always of the wrong sign for 
commutation. It is clear, then, that sparkless commuta- 
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tion has to be accomplished in spite of the fact that the 
brush is always in a magnetic field of the wrong sign. 

The fact that sparkless commutation can be obtained 
under these conditions must be attributed to the little 
understood action of the carbon brush, which is now almost 
universally used in motors. There are, however, limits to 
the practical use of this form of brush, but those limits 
must be determined by what is going on under the brush 
itself, and not by the magnetic condition under the pole- 
tip, where in practice the brushes are never placed. 





Equation 115 gives us the value of the intensity of^fcr -f 
magnetisation under the pole-tip, and it is a common rule 
of design to allow such an armature load as will make thij 
intensify half of that due to the magnets; the effect oi 
this would be to reduce the intensity under the tip behin( 
the brush in a motor to one half of what it would be iJ 
there were no current in the armature. (See a paper bj 
Mr. W. B. Esson in the ' Journal of the Institution o^^^* 
Electrical Engineers,' Vol. XX.) 

Equation 116, however, tells us that the intensity oi 
magnetisation under the brush does not depend simpl; 
upon the width of the gap, but upon the distance between — — 
adjacent pole-tips, and that we can diminish it by increasin| 
a without altering B. 

By combining Equations 115 and 116, we find that^ 
Ilf^j the magnetisation under the brush, can be expressed^ 
in terms of Hj„ that under the pole-tip due to the reaction- 
of the armature, in the form : — 

ff*=„^ If., (117). 

where p is the ratio of a, the space between the tips, to S 
the width of gap. 
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Suppose that the magnetisation in the gap due 

the magnets is 6,000 lines per square centimetre, 

c^ =9'0 cm., S=0'3 cm. Let the armature be designed to 

^^si,rry such a load that the magnetisation at the pole-tip 

^Tie to reaction, given by Equation 115, is half that due 

"to the magnets, i,e, 3,000 ; the magnetisation under the 

V>rush as given by Equation 116 will be 750. This will 

V>e of the wrong sign for commutating, and sparkless 

oommutation will not be assisted, but, on the contrary, will 

iDe hindered by this magnetisation. 

Suppose that the dynamo works satisfactorily under 

"these conditions owing to the use of carbon brushes. If 

xiow we had to make the armature carry twice 

tilie former load, we should have to double the width of 

t)he gap to obtain a reaction at the pole-tip, as before, of 

an intensity half that due to the magnets, supposing the 

latter to remain unaltered. The magnetisation under the 

brush would, however, be much increased, in fact, very 

nearly doubled, the actual value being 1,410. 

Instead of doubling the width of the gap we might 
increase the value of a, so as to have the same magnetisa- 
tion under the brush with twice the armature load, S 
being unaltered ; to do this we should have to rather more 
than double the space between the pole-tips, the new value 
a being 18*6 cm. It is true that the effect of the magnets 
at the tip behind the brush would be reduced to nothing, 
but this would not affect the sparking conditions, since the 
magnetisation under the brush remains the same as before. 
The value of a may be increased by cutting the pole pieces 
at the tips without altering their relative positions, and 
in fact anything tending to increase the magnetic reluc- 
tance between the point where the brush is placed and 
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the tip of the pole, will diminish the intensity at the brush 
and thas assist commutation. 

It is important that the point where the magnetifiation 
due to the magnets is nothing should not shift when the 
load increases. Any dissimilarity in the form of adja<jent 
pole-tips, such as a straight radial &ce on one and a 
tapered horn on the other — as in Fig. 66— will cause this 
point to shift with the load, owing to the unequal saturation 
of the pole-tips, and this will cause the brushes to spark at 
a load that might be carried easily if the magnetic field 
were symmetrical. 

A motor with fixed brashes is always running with too 
much forward lead, hence a current will flow in the coil 
that is being short-circuited under the brush. This 
current will be of the same sign as that which has to be 
commutated, and the amount of the current may be very 
large. There will then be a certain number of surface 
conductors, corresponding to the coils that are being 
short-circuited, carrying currents considerably greater than 
the rest of the conductors ; these currents will give rise to 
circular magnetic fields of their own, especially if the con- 
ductors carrying them are imbedded in slots, and will 
distort the curve of magnetisation under the brushes. The 
curves given in Figs. 67, 68 and 69 show the hump in the 
magnetisation curves under the brushes due to this 
action. 

From what has been said it would appear possible to 
reduce the amount of the magnetisation due to the magnets 
when running with full armature current, without in- 
creasing the tendency to spark. This is, in fact, the case, 
provided the magnetisation due to the magnets is perfectly 
5//ametrical. The reason why a weakening of the magnets 
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jfi supposed to increase the liability to spark is because 
such weakening usually takes place in some way tending 
to disturb the symmetry of the field, as, for instance, when 
a portion of the winding on one magnet is short-circuited. 
If a well-designed motor is driven at fall speed by some 
external means, there should be no sparking when the 
magnets are cut out and the armature is carrying its 
maximum current. On the other hand, the magnetisa- 
tion due to the magnets is often so unevenly distributed 
that sparking is actually produced when the magnets 
are excited, although the brushes may run sparklessly 
with no current in the magnets and full current in the 
armature. 

When a coil as ah in Fig. 71 has its segments equally 
covered by the brush, the resistance in the two circuits acf 
and bdf will be equal, and if the currents flow according 
to Ohm's law, equal portions of the main current pass 
through each segment, and there is no current in the 
coil itself, so that when the coil is half-way across the 
brush the current in the coil is reduced to nothing. As 
the coil moves, the current in bd increases, and that 
in ac decreases, until when segment 1 is about to leave 
the brush, the whole of the main current is flowing 
down bd, and commutation will be efiected without 
sparking. 

In practice, however, there is a tendency of the 
current in the coil to persist in flowing, and this ten- 
dency is directly proportional to the rate at which the cur- 
rent is changing in the coil. Now if the current is changing 
at the rate we want it to change, that is, if it is completely 
reversed during the time that the coil is under the brush, 
which is the condition of sparkless conimv]Lta.t\oii^ \i\i<e?cs. ^^ 
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can say at once what is the amount of this tendency to 
persist in flowing. 

The current will not vary in the way we require unless^ 
we can neutralise the tendency to persist ; we have theoc 
a measure of the necesaary neutralising action, since it~_ 




must exactly balance the tendency to persist. If w^ 
apply this neutralising action we can come back to th^ 
original case, when we supposed there was no tendency tc? 
persist, and we shall then obtain the desired sp&rklesS 
commutation. 

The tendency of a cuvvent to persist in flowing in a 
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^^TT'cuit is called the tension due to self-induction. If 
^^ is the rate at which the current is changing, the tension 

^^X^posing the change, which is the measure of the tendency 
"^f::^ persist, can be written : 

e=L^^10-^ volts (118). 

(it 

^vvhere dc is measured in amperes, and L is a constant 

o ailed the co-efficient of self-induction, here measured in 

ItenrieSj the practical unit of self-induction. 

If 8 is the number of turns in the coil, and p the 

j^ermeance of the magnetic circuit surrounding the coil, 
measured in centimetres, L=4i7r8^p. Further, if is the 
angular width of the brush minus that of one insulation, 
£ind if the armature is rotating at n revolutions per second, 

we have — = — ^ — , since the current has to be changed 

from +i to — i during the time in which the forward tip 
of any one segment moves through an angular distance of 
degrees. 

We can balance the tension due to self-induction by 
causing the coil to pass at the same time in a magnetic 
field giving rise to an induced tension in the coil of 
equal amount but of opposite sign. If H is the intensity of 
this field per square centimetre, the lines cut by the coil 

during the time of commutation will be — ——- , where I is 

ooO 

the length of the armature parallel to the shaft and d its 

diameter in centimetres. These lines are cut in time 

-^- n seconds, hence the induced tension is 7rdHlnlO~^Yo\ts, 
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Equating this to the tension doe to self-induction, 
have 

H=288^^ (119). 

This equation gives us a measure of the tendency ^ 
spark, and will serve as a guide when, as with carb^:^^ 
brushes, there are other influences affecting sparkl^^s^ss 
commutation besides that of the magnetic field in whi^cr^h 
the brush is placed. 

We see that the tendency to spark increases directly ^^ 
the square of the number of turns per coil, as the curret^^* 
per wire, and as the permeance of the magnetic circr^- i* 
surrounding the coil ; it also varies inversely as tfc^® 
angular width of the brush, as the diameter, and as tfc^^ 
length of the armature. It is evident that in a slott^^^^ 
armature the tendency to spark will be much greater th^^^^-i^ 
in a surface-wound armature. - 



PROBLEMS 



-«o^ 



1. A four-pole dynamo has to be designed with an induc- 
tiion factor equal to 8. The armature is connected in series, 
^th 480 surface conductors. Find the useful lines per pole. 

0-88 X 106. 

2. A bipolar dynamo has 4*2 x 10^ useful lines per pole, 
and 220 surface conductors. Find the torque for a current 
of 75 amperes. 980. 

3. A bipolar dynamo has 300 surface conductors. The 
torque for 54 amperes, as measured by the method described 
on p. 8, is 846 inch-pounds, including that due to friction 
and hysteresis, which amounts to 78 inch-pounds. Find the 
useful lines per pole. 3*36 x 10*. 

4. A direct connected generator is running at 400 r p.m. 
when the terminal tension on open circuit is 250 volts. 
Find the torque on the shaft for 500 amperes in the 
armature. 26,400. 

5. A four-pole railway generator has its armature con- 
nected in parallel with 440 surface conductors. The internal 
resistance is 0-04 ohm. When running at 450 r.p.m. the 
output is 600 amperes at 553 terminal volts. Find the 
number of useful lines per pole. 17*5 x 10^. 

6. A ten-pole railway generator has its armature con- 
nected in parallel with 1,440 surface conductors, and is to 
deliver 1,500 amperes at 550 terminal volts when running at 
80 rp.m. Find the number of useful lines per pole, (1) con- 
sidering the internal resistance, which is 0'012 ohm, (2) 
neglecting the resistance. 29*6 x 10^ and 28*7 x 10*. 
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7. A dynamo gives 900 terminal volts on open ciicnit at ^ 
850 r.p.m. Find the maximum possible speed when placed J 
as a motor on a 300-volt circuit with the same magnet ^ 
strength as before. 284 r.p.m. 

8. A motor with an internal resistance of 0*03 ohm is ^ 
connected to a 100-volt circuit. Find the speed when there ^ 
is a load of 5,400 inch-pounds on the shaft. 924 r.p.m. 

9. What is the maximum possible horse-power of a motor rmr^ 
with an internal resistance of 0*8 ohm when running on a 
100-volt circuit ? 4-2. 

10. Find the induction factor of a motor that will run at 
480 r.p.m. on a tension of 500 volts, and give a torque of "3: 
8,280 inch-pounds. The internal resistance is 0*8 ohm. 

58-5. 

11. Find the induction factor of a motor that will give 12^S -2 
horse-power at 1,500 r.p.m. on a tension of 100 volts. The^^-^c 
resistance is 0-1 ohm. 8*6. 

12. A four-pole street railway motor has a series-con ^^" 

nected armature with 624 surface conductors and a resistances^ ^^® 
of 1*2 ohm. Find the number of useful lines per pole^^^^ 
required to run at 800 r.p.m. with 1,200 inch -pounds oft^^^^ 
torque on a 500-volt line. 2*83 x 10^. 

13. Check the results of Problems 11 and 12 by 
that the line-watts is equal to the sum of the heat- watts an 
the mechanical watts. 

14. A main shaft has to run at 240 r.p.m. with a load o 
4,600 inch-pounds, and is driven by a motor with a 10-inc 
pulley belted to a 48-inch pulley. The friction of the motor 
&c., amounts to 500 inch-pounds on the motor shaft. Th 
tension of the line is 150 volts, and the resistance of th 
motor 0'07 ohm. Find the induction factor. 7'28. 

15. Check the result of Problem 14 for input and outputs 
of energy. 

16. A four-pole motor which has its armature con — 
nected in series and 480 surface conductors,- raises an un— 
balanced lift weighing 1,500 lbs. at 240 f.p.m. The rop^ 
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'imim has a diameter of 48 inches. The velocity ratio is 70. 
The tension of the line is 125 volts. The internal resistance 
o£ the motor is 0-1 ohm. Find the number of useful lines 
I>er pole. 0*55 x 10^. 

17. A motor has to raise a weight of 1,500 lbs. at 200 
f •p.m. The frictional torque is 430 inch -pounds on the motor 
sliaft. The rope drum is 36 inches in diameter. The velocity 
x-atio is 75. The tension is 125 volts, and the resistance of 
fyhe motor 0*05 ohm. Find M, 4-47. 

18. A tramcar has to be driven at 13 miles an hour by 
"two four-pole motors connected in parallel on* a 500-volt 
Xine. The armatures are series-connected with 960 surface 
conductors. The total tractive effort per motor at full speed 
is to be 800 lbs. The resistance is 1-3 ohm per motor. The 
"wheels have a diameter of 33 inches. The velocity ratio 
is 4 '78. Find the area of each polar surface in square centi- 
metres if the magnetisation in the gap is fixed at 5,000 lines 
;per square centimetre. 435 sq. cm. 

19. A gearless motor has to exert a total tractive effort of 
800 lbs. whfin running at 12 miles an hour on 33-inch wheels. 
The tension of the line is 500 volts, and the resistance of the 
motor 1*5 ohm. Find the induction factor of the motor. 

214. 

20. Find the current taken by the motor in Problem 19. 
If gearing with t; = 4 is introduced, without altering any 
other conditions, what is the current ? 

43'7 amperes in both cases. 

21. A tramcar is equipped with two motors, each 
having M = 60 and i? = 1*5 ohm. If JEJ = 500 volts, 
V = 4*8, and d = 33 inches, find the speed in miles an hour 
(1) m parallel, (2) in series, when the total load per motor is 
700 lbs. horizontally. 9*4 and 4*2. 

22. A motor car weighing 60,000 lbs. is driven by two 
gearless motors, connected in parallel, at 16 miles an hour 
on a level. The tension of the line is 500 volts, and the 
motors take 20 amperes each. The resistance of each motor 
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is 1*0 ohm. The driving wheels are 88 inches in diametei 
If the frictional resistances remain the same, find the spee£= 
up a grade of 1 in 20. 12*7 miles an hour. 

28. A car weighing 80,000 lbs. is driven by two geare^^ 
motors designed to run in parallel at 15 miles an hour oi= 
a level when the frictional resistance is 600 lbs. per motor— 
If ^ = 500 volts, V = 4*78, d = SS inches, and i2 = 1*5 ohn=: 
per motor, find the steepest grade the car can ascend witt:^ 
the motors in parallel. 12*4 per cent. 

24. A motor car weighing 20,000 lbs. is driven by two 
geared motors, connected in parallel, at 18 miles an hour on 
a level when the total horizontal pull is 800 lbs. per motor, 
the tension of the line being 500 volts. If the load is in- 
creased by that due to a grade of 1 in 10, find the speed 
when the motors are connected (1) in parallel, (2) in series. 
i2 = 1-8 ohm per motor, d = Sd inches, v = 4*78. 

10*7 and 8*8. 

25. A motor car weighing 40,000 lbs. has to be driven by 
two bipolar motors at 12 miles an hour up a grade of 1 in 15. 
The frictional resistances amount to 10 lbs. per 1,000, in- 
cluding the motor losses. E = 500 volts, i? = 1*0 ohm per 
motor, V = 5. The poles each have a gap area of 967 square 
centimetres. Find the magnetisation in the gap if the number 
of surface conductors is 520. 8,000 per sq. cm. 

26. Two sliunt-wound motors are mechanically coupled 
and connected in parallel on a 500-volt line. If their in- 
duction factors are 71 and 70, and the resistance of each is 
0*4 ohm, find the total mechanical horse-power when one 
motor is doing all the work. 11*7. 

27. Two shunt-wound motors are mechanically coupled 
and connected in parallel on a tension of 140 volts. One 
motor has an induction factor of 7*5, and a resistance of 0*3 
ohm ; the other has an induction factor of 8*7, and a 
resistance of 0*5 ohm. Find the total torque on the shaft 
when the motors are working at the same rate. 

5,720 inch-pounds. 
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28. A railway generator is being tested by the electrical 
:3nethod described on p. 87. The line tension is 550 volts, 
ihe speed is 400 r.p.m., the generator output is 500 amperes, 
the resistance of the generator is 0*04 ohm, and that of the 
motor 0*03 ohm. If the current from the line is 48 amperes, 
and the torque losses are equal in the two machines, find the 
torque loss in the generator. 782 inch-pounds. 

29. A motor is tested by Hopkinson*s method. The 
total mechanical output is 45 horse-power when running 
at 900 r.p.m. on a tension of 125 volts. The resistance of 
the motor and of the generator used in the test are both 
equal to 0*015 ohm. The torque input measured on the 
belt is 600 inch-pounds. What is the torque loss in the 
motor ? 191 inch-pounds. 

30. A generator is being tested by the method described 
on p. 87. The terminal tension is 250 volts, the current 
output 800 amperes, and the current from the line 92 am- 
peres. The resistance of each armature is 0*0058 ohm. If 
the power used in magnetising the magnets of the generator 
is 5*2 k.w., find its total efficiency. 92*5 per cent. 

31. A railway motor is tested by the method described on 
p. 144. The terminal tension on the motor is 500 volts, the 
current 44 amperes, the resistance of the motor magnets and 
armature 0*72 ohm. The generator current is 34 amperes, 
and the resistance of the generator magnets in series with 
the motor circuit 0*43 ohm. Find the efficiency of the 
motor. 83 pier cent. 

32. A motor generator runs at 550 r.p.m. on a tension of 
588 volts. The current in the motor is 64 amperes, and that 
in the generator 280 amperes. The motor resistance is 
0*175 ohm. The induction factor of the motor is five times 
that of the generator. Find the total frictional losses in the 
two machines. 705 inch-pounds. 

33. A motor has an induction factor equal to 6, an internal 
resistance of 0*08 ohm, and torque losses amounting to 76 

u2 
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inch-pounds. Find the most efficient current and 
efficiency for that current. 116 amperes and 85 per cent. 

34. The armature of an eight-pole motor contains 646,00^'^ 
cubic centimetres of iron. If the hysteresis loss is 8,600 erj 
per cubic centimetre per cycle, find the current required t^ 
turn the armature against the hysteresis torque, the inductiozz 
factor being 68. 33*2 amperes. 

35. A train weighing 40 tons is driven by two gearles5 
motors designed to run at 20 miles an hour in parallel on a 
tension of 500 volts when the resistance to motion is 495 
inch-pounds of torque per ton. The driving wheels are 
33 inches in diameter. The resistance of the motors is 
0*3 ohm each. The maximum current per motor is to be 
200 amperes. If the acceleration is uniform up to full speed, 
how many seconds will be spent in covering the first 200 
yards from rest ? Assume M to be constant and the parallel 
method of control. 31*5 seconds. 

36. A train weighing 600 tons is drawn by four gearless 
motors at 10 miles an hour up a grade of 0*7 per cent., the 
frictional resistance being 12 lbs. per ton and the tension of 
the line 500 volts. Find the total current required to start 
up on the grade with an acceleration of 0*5 f.p.s. per second, 
if the motors are connected permanently in series and M is 
constant. 1,845 amperes. 

37. A motor has M = 8*1, B = 2*4 ohms. The armature, 
with an attached fly-wheel, weighs 1,500 lbs., the radius of 
gyration being 9*2 inches. The frictional and other resistance 
to motion amounts to 280 inch-pounds, and is constant. 
The motor is switched on to a line of 100 volts tension and 
left to run. How many revolutions will it make in two 
minutes ? 865. 

38. A motor is running on a line of constant tension with 
a constant load. The speed has to be varied by varying M 
with a rheostat in the magnet circuit, which is a shunt on 
the main circuit. Show that the change of speed for any 
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^"Ven change of ilf decreases as the resistance in the armature 
^^^cuit increases. 

39. A crane has to lift a weight of 5 tons from rest 
through a distance of 22 feet. M is constant, and equal to 
16*4 ; i? = 1*3 ohm. The diameter of the rope drum is 
36 inches, and v = 65. The friction amounts to 880 inch- 
pounds of torque on the motor shaft. The tension of the 
line is 225 volts. Find the time required to cover the given 
distance if the maximum current is limited to 160 amperes. 

86 seconds. 

40. A weight of 2 tons has to be lifted by a motor 
working on the principle described in p. 157. E = 120 .volts, 
B = 0-15 ohm, ilf = 18, v =: 95, and cZ = 24 inches. The 
torque due to friction is 254 inch-pounds on the motor shaft. 
Find the weight of a fly-wheel, of radius of gyration 6 inches, 
that must be placed on the motor shaft, so that on connecting 
the clutch the current drawn shall not exceed 50 amperes. 

18-1 pounds. 

41. Same data as in Problem 40. Find the weight of the 
fly-wheel, of radius of gyration equal to 6 inches, so that the 
speed shall not fall below that at which the motor runs when 
raising the weight at a uniform speed. 86 lbs. 

42. A crane has to lift a weight of 20 tons through 
15 feet in 85 seconds from rest. E = 500, v = 80, ilf = 62 
and is constant. The drop at full speed is to be 20 volts. 
The frictional resistances amount to 10 per cent, of the load. 
Find the diameter of the chain drum and the resistance of 
the motor. 25*4 inches and 0-228 ohm. 

48. A motor with an induction factor of 75 and an in- 
ternal resistance of 0*02 ohm is running at full speed on a 
500- volt line, with a torque on the shaft equal to 68,500 inch- 
pounds. A fly-wheel weighing 1*6 ton, with radius of gyra- 
tion 8 feet, is mounted on the motor shaft. If the tension 
of the line drops 10 per cent., find in how many seconds the 
speed will have dropped the same per cent. Neglect the 
moment of inertia of the armature. 4*1 seconds. 
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44. A turret weighing 20 tons, with a radius of gyration 
of 7 feet 6 inches, is rotated by a motor with a gear ratio of 
HOO, the induction factor being constant and equal to 8, and 
the resistance being 0*2 ohm. The Mctional torque is 838 
inch-pounds on the motor shaft. The tension of the Une is 
80 volts. What is the shortest time in which the turret can 
be turned through 240 degrees if the maximum current does 
not exceed 40 amperes ? 24*4 seconds. 

46. The bascules of the Tower Bridge each weigh 1,070 
tons, and have a radius of gyration of 40 feet. The arc of 
rotation is 82 degrees, and the time 90 seconds. Motion is 
derived from a motor shaft with a velocity ratio of 360. The 
friction may be estimated at 200 inch-pounds of torque per 
ton on the main bearings. The motion can be stopped in 12 
degrees in twenty seconds. If the tension of the line is 100 
volts, and the drop at full speed 4 volts, find the value of M 
and the maximum current, the motor being shunt wound. 

ilf = 64 and = 31'4 amperes. 

46. The trains on the Central London Railway weigh 
145 tons, and are each hauled by a locomotive equipped with 
four gearless motors, with driving wheels 42 inches in dia- 
meter. The tension of the line is 500 volts. The frictional 
retardation may be taken at 7*5 lbs. per 1,000. The drop at 
full speed is not to exceed 5 volts, and the mechanical 
efficiency is to average 95 per cent. The motors are started 
two in parallel, and changed over to four in parallel for full 
speed. The time schedule requires that 2,000 feet shall be 
covered in 75 seconds from rest. Find the current and 
induction factor at full speed, and the force factor required to 
start. 

Each motor must have M=1S6 for 70 amperes, and a 
maximum force factor of 40*8 kilodynes. 
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Chicago Metropolitan Elevated 

Kailroad, 254 
City and South London Bailway, 
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Accumulators, reversal of generator 

charging, 38 
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Armature reaction : 
reduction of M due to, 267, 276 
equations for, 263, 264 
influence of, on the speed, 66 
in arc-light generator, 18 



Baltimore and Ohio Bailroad ; 

data of motors on, 210 

torque curves of motors on, 128 

acceleration curve, 213 

mechanical efficiency of motors 
on, 127 

power and force of, 174 
Belt, slipping of, 159 
— lift driven by, 158 
Brake test, 101 



Brakes, application of : 

Chicago Metropolitan Elevated 

Baikoad, 249, 252 
Liverpool Overhead Bailway, 197 
City and South London Bailway, 
167 
Brakes, electric, 104 
Bridge, swing, equations for M, 

57, 154 
Brushes : 

use of carbon, 280, 286 
motors with fixed, 279 
equation for magnetisation 

under, 264 
effect of unsymmetrical position 

of, 275 
width of, in railway motor, 271 



Carbon brushes, 280, 286 

* Characteristic ' curve, 17 

Chicago Metropolitan Elevated 
Baihroad, 248 

Clearance between motor and the 
ground, 59, 238 

Clutch, use of, in starting, 157 

Commutation, condition of spark- 
less, 279 

Commutator, 7, 283 

Compound winding, 65 

Conductors, surface : 
force on, 1 

to count the number of, 7 
to determine the number of, in 
designing, 278 
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Connecting rod, use of, 120 
Gonsenration of Energy, principle 

of, 22 
Constant, current motors, 120 
Control, series-parallel, 192, 196, 

200, 221, 231, 247 
Controller, irregular handling of, 

196, 253 
Core, losses in, 139, 145 
Coupled motors : 

shunt-wound, 72 

series-wound, 104 
Coupling, elastic, for starting, 159 
Crane, design of motor for, 226 
Crane-stage, design of motor for, 

57, 154 
Crocker- Wheeler motor, 130 



Draw bar, force exerted at, 29, 55 
Drum winding, 7 



Economy of working railway motors, 

258 
Eddy currents, 28, 129 
Edison dynamo, torque curve of, 9 
Efficiency of conversion, 123 

— mechanical, 125 
of motors on : 

Baltimore and Ohio Railroad, 
128, 211 

Chicago Metropolitan Elevated 
Railroad, 250 

Buffalo and Niagara Falls Elec- 
tric Railway, 99, 127 

— total, 132 

of Crocker-Wheeler motor, 

130 

— of G. E. 800 motor, 138 

— of Westinghouse motor, 140 
Effort, useful, 55 

Elastic coupling, 159 
Energy, principle of the conserva- 
tion of, 22 

— kinetic, of rotating shaft, 157 

of moving train, 244, 257, 258 

Ewing, Professor, researches of, 27 
Excitation of magnets, loss due to, 

134 
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Flemino's Rules, 43, 266 
Force factor defined, 169 
Four-pole dynamos, weights of, 

178, 180 
Friction, error in torque test due 
to, 9 

— loss in motor due to, 129, 138 

— of shafting, 50 

— train, from tests on : 
Baltimore and Ohio Railroad, 

211 

Chicago Metropolitan Elevated 
Railroad, 250 

City and South London Railway, 
164 

Liverpool Overhead Railway, 
216 

Buffalo and Niagara Falls Elec- 
tric Railway, 203 



Gap, air, magnetisation in, 281 

permeance of, in railway 

motor, 238 
Gear wheel, definition of, 49 

r number of teeth in, 50, 59 

Gearing, loss due to use of, 138 

— single reduction, use of, 58 
Generators, railway, weights of, 

180 
Grade at station exits, 168 

— series- wound motor descending, 

101 

— force required to start on, 17^, 

174 

— speed ascending, 119 



Heat drop, defined, 15 

correction for, in finding M, 

17 

— energy expended in, 20 

— and work, distinction between, 

24 
Hoisting machinery, equation for 
M in, 52 

use of worm gearing in, 58 

Hopkinson's method of testing, 84 
Horse-power, maximum possible. 
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orse-power, rating by, 169 
Hysteresis, energy expended in, 27 
—— influence on torque curves, 103 
- — retardation due to, 29 
■— to find the loss occasioned by, 
130 



Induction curve, definition of, 17 

of motors used on : 

Baltimore and Ohio Kailroad, 128 
Buffalo and Niagara Falls Elec- 
tric Railway, 100 
Chicago Metropolitan Elevated 

Railway, 251 
City and South London Railway, 
161 
Induction factor defined, 6 

found by measuring the 

torque, 8 

found by observing induced 

tension, 14 
limiting conditions in equa- 
tion for, 51 

effect of armature reaction 

on, 18, 267, 276 



Jebk in starting railway motor, , 
197, 201 ! 



Kinetic energy of rotating shaft, 

157 
of moving train, 244, 257, 258 



Lift, acceleration of, 158, 172, 225 

— belt-driven, 569 

— efficiency of, 143 

— equation giving M for, 52, 54 

— conditions of motion of, 35 

— use of worm gearing in, 58 
Liverpool Overhead Railway : 

acceleration curve, 197 
motors used on, 171, 198 
use of roller bearings on, 216 
Load, definition of, 28 

— distribution of, between two 

coupled motors, 81, 106 



Load, influence of, on the speed, 

33, 115 
Locomotives, equation giving M 
for, 55 

— acceleration of, 174, 210 

— diameter of driving wheels of, 

215, 223 

London, City and South, Railway : 
acceleration curve, 167 
motors used on, 162, 171, 199 

Loss, core, 139, 145 

— torque, 99, 127 

how to find, 85, 87, 129 

Magnetisation, direction of, in 
motor, 264 

— curve defined, 11 

experiment to find, 259 

of motor and generator com- 
pared, 264 

— — of railway motor, 270 

distortion of, by reaction, 276 

effect of asymmetry of, 282 

Magnetism, residual, 102 
Magnets, shunt- wound, 60 

— series-wound, 94 

— reversal of current in, 37 
~ use of steel in, 102, 111 
Maxwell, Professor Clerk, on the 

distinction between heat and 

work, 25 
Meter, current, 68 
Moment of inertia, 157, 158 
Motion, uniform, definition of, 30 

— reversal of, 34, 37, 97 
Motor, Crocker- Wheeler, 130 

— Edison, 10 

— G. E. 800 : 

acceleration curves, 202, 203 
induction curve, 100 
speed and tension, 118 

— Westinghouse, 141 

— railway, dimensions of, 269 
Motor-cars, best velocity ratio and 

diameter of driving wheel, 215, 
223 

Neutral points, 11 
Nice Central Lighting Station, test 
of generator at, 88 
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Pebipheral velocity, 175 
Pinion defined, 49 

— number of teeth in, 50 
Pole-tip, magnetisation under, 2G3 

— effect of tapering, 275 

— effect of cutting, 281 
Power, equation for, 21 



Ratino of motors : 
by the force factor, 169 
by horse-power, 169 
by tractive effort, 56 
Reaction. See Armature 
Resistance, train, defined, 244 
Rheostat, starting, 40, 60, 184 
Ring winding, 7 
Roller bearings, use of, 215 



Self-induction in armature circuit, 

285 
Series-parallel control, 192, 196, 

200, 221, 231, 247 
Series-winding, 94, 234, 239 
Shunt-winding, 60 i 

Slipping of motors connected in j 
series, 120 i 

— of belt, 159 I 

Spark, tendency to, equation giving, | 

• 286 ; 

Sparkless commutation, conditions ' 

of, 279 
Speed curve of series-wound motor, 
96 

of shunt-wound motor, 30 

Speed of motors in series, 113, 115, 

197, 203 
Speed regulation by compound 
winding, 65 

by reaction, 66 

Speed, variation of : 

with induction factor, 62, 96 

with load, 60, 118 

with resistance, 61 

with tension, 66, 118 I 



Steel magnets, 102, 111 
Steering gear, electric, 93 



Teeth, number of, in gear wheel, 
49 

— tendency of, to cut, 58 
Tension, induced, equation for, 13 
Testing, Hopkinson's method of, 

84 

— electrical method of, 87 

— series-wound motors, 143 
Thermodynamics, second law of, 26 
Time factor defined, 151 
Torque, equation for, 5 

— losses, to find, 129, 145 
Train resistance. See Friction 
Turret, equation giving M for, 57, 

154 



Velocity, peripheral, 175 

— ratio defined, 48 

— values of, in railway motors, 50 

— determination of best, 142, 209, 
222, 237, 245 



Walker railway generators, data of, 

180 
Watt-meter, 71 
Weight, limit of, in railway motors, 

236 
Weights of dynamos, 175 
Westinghouse motors, efficiency of, 
140 

— generator, force factor of, 170 
Wheel, driving, to find the best 

diameter of, 142, 209, 222, 237, 
245 
Workj definition of, 25 

— distinction between heat and, 

24 
Working, rate of, equation for, 21 

— maximum possible, 32 
Worm gearing, use of, in lifts, 58 
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Trinity College, Dublin. With 84 Diagrams. Svo., 51. net. 

^^i^^.— CELESTIAL OBJECTS FOR COMMON TELE- 
SCOPES. By the Rev. T. W. Webb, M.A., F.R.A.S. Fifth Edition. 
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Crown 8vo., ai. bd. 



NATURAL HISTORY, EVOLUTION, ETC. 

CLODD.~yNox\is liy EDWARD CLODD. 

THE STORV OF CREATION: A Plain Account of Evoluti* 

With 77 lUuslrations. Crown Bvo. , 31. f>d. 

A PRIMER OF EVOLUTION: being a Popular Abridged 

Edition of 'The Story of Creation'. With llluBlriilions. Fcp. Bi-o., li. W. 

FURNEAUX.—V^oyV& by WILLIAM S. FURNEAUX. 

THE OUTDOOR WORLD ; or, The Young Collector's Hand- 
book, With 18 Plates, 16 of which are coloured, and 549 IlluslratioDslntht 
Text. Crown Bio., ^s. 6d. 

BUTTERFLIES AND MOTHS (Brilisb). With ta Ca\m^ 

Plates and 241 IllLSlralions in the TexL 71. 6d. 

LIFE IN PONDS AND STREAMS. With 8 Coloured Plate! 
NUUSOM— BRITISH BIRDS. By W. H. Hudson, CM,/-: 

Wiih a Coloured Plaies from Ordinal Drawings bv .A. Thqrbukn, and B Pli" 
and 100 Figures in black and while from Original Drawings by C. E. l^oWi 
and 3 Illustrations from Photographs by R. B. Luuge. Crown Svo. , 71. dd. 

JfOMANES.~\Vorks by GEORGE JOHN ROMANES, LL.D. 
F.R.S. 
DARWIN, AND AFTER DARWIN: an Exposition of th« 

Darwinian Theory, and a Discussion on Posl-Danvinian Questions. 
Parti. THE DARWINIAN THIiORY. With Portrait of Darwin and M 



wu 



^fc EXAMINATION Oi-W^Va^Mx^V'^^- C-^^ja^ 



Scientific Works published by Lon,^manSy Green ^ dr-' Co. 19 



MEDICINE AND SURGERY. 

SHBY AND WJ^/GHT.— THE DISEASES OF CHILDREN, 
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Cantab.. F.K.C.V. ^mitinueif. 
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Edition. 
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and Piaciilionera. By Wivu^-ia^-n**!. ^■^^■*-<'^-»s,--'*™'w™'">*»*j 
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M.A. and M.D., Cantab., F.R.C.P., Lond., etc., Physician to the Department 
for Diseases of the Skin at the Middlesex Hospital, etc. Fcap. 8vo., $s. 
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THE ILLUSTRATED OPTICAL MANUAL; or, HAND- 
BOOK OF INSTRUCTIONS FOR THE GUIDANCE OF SURGEONS 
IN TESTING QUALITY AND RANGE OF VISION, and in Dis- 
tinguishing AND Dealing with Optical Defects in General. 
Illustrated by 74 Drawings and Diagrams by Inspector-General Dr. 
Macdonald, R.N., F.R.S., C.B. 8vo., 14.^. 

GUNSHOT INJURIES. Their History, Characteristic Features, 

Complications, and General Treatment ; with Statistics concerning them 
as they have been met with in Warfare. With 78 Illustrations. Bvo., 
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rjjPJP,— TEXT -BOOK OF FORENSIC MEDICINE AND 

TOXICOLOGY. By Arthur P. Luff, M.D., B.Sc. (Lond.), Physician 
in Charge of Out-Patients and I.^ecturer on Medical Jurisprudence and 
Toxicology in St. Mary's Hospital ; Examiner in Forensic Medicine in the 
University of London ; External Examiner in Forensic Medicine in the 
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Illustrations. 2 vols., crown Bvo., 24s. 

EWMAN, — ON THE DISEASES OF THE KIDNEY 

AMENABLE TO SURGICAL TREATMENT. Lectures to Practitioners. 
By David Newman, M.D., Surgeon to the Western Infirmary Out-Door 
Diepartment ; Pathologist and Lecturer on Pathology at the Glasgow Royal 
Infirmary ; Examiner in Pathology in the University of Glasgow ; Vice- 
President Glasgow Pathological and Clinical Society. Bvo., 8s, 

WEN.— A MANUAL OF ANATOMY FOR SENIOR 

STUDENTS. By Edmund Owen, M.B., F.R.S.C, Senior Surgeon to the 
Hospital for Sick Children, Great Ormond Street, Surgeon to St. Mary's 
Hospital, London, and co-Lecturer on Surgery, late I.«cturer on Anatomy in 
its Medical School. With 210 Illustrations. Crown Bvo., las. 6d. 

DOLE,— COOKERY FOR THE DIABETIC. By W. H and 

Mrs. Poole. With Preface by Dr. Paw. Fcap. Bvo., 2s. 6d, 

JAIN, — A DICTIONARY OF MEDICINE; Including 

General Pathology, General Therapeutics, Hygiene, and the Diseases of 
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^^^/TV:— QUAIN'S QONES) ELEMENTS OF ANATOMY. 

The Tenth Edition. Edited by Edward Albert Schafer, F.R.S. , Professor 
of Physiology and Histology in University College, London ; and Georcs 
Dancer Thane, Professor of Anatomy in University College, London. In 3 
Vols. 
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Vol. I, Part L EMBRYOLOGY. 
By E. a. Schafer, F.R.S. With 
200 Illustrations. Royal 8vo. , 91. 

Vol. I., Part II. GENERAL ANA- 
TOMY OR HISTOLOGY. By E. 
A. SchXfer, F.R.S. With 291 
Illustrations. Royal 8vo., 12^. dd. 

Vol. II., Part L OSTEOLOGY. By 
G. D. Thane. With 168 Illustra- 
tions. Royal 8vo., 9J. 

Vol. II.. Part II. ARTHROLOGY 
—MYOLOGY —ANGEIOLOGY. 
By G. D. Thane. With 255 Illustra- 
tions. Royal 8vo., i8j. 

Vol. III., Part I. THE SPINAL 
CORD AND BRAIN. By E. A. 
Schafer, P\R.S. With 139 Illus- 
trations. Royal 8vo., I2J. dd. 



Vol. III. Part II. THE NERVES. 
By G. D. Thane With loa 
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